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PREFACE 

As  a  result  of  reading,  for  some  years  past, 
popular  expositions  of  relativity  theory,  I  have 
become  convinced  that  most  of  these  books  fail 
in  their  purpose  because  they  use  an  inappropriate 
technique.  The  technique  of  popular  exposition 
of  a  scientific  theory  became  standardised,  as  it 
were,  in  the  nineteenth  century.  What  may  be 
called  the  "pictorial  method"  was  definitely 
adopted.  Every  fact  that  had  to  be  communi- 
cated wafi,  as  far  as  possible,  presented  in  terms 
that  appealed  to  the  imagination.  The  method 
is  still  successful  in  many  expositions.  Thus  an 
atom  is  presented  as  a  "  miniature  solar  system '' 
with  the  result  that  ordinary  readers  have  no 
difficulty  in  understanding  atomic  theory  —  pro- 
vided that  the  quantum  theory  is  not  mentioned. 
A  way  of  presenting  quantum  theory  pictorially 
has  not  yet  been  invented.  Now  Einstein's  theory 
is  peculiarly  recalcitrant  to  this  kind  of  exposition. 
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It  is  quite  justly  described  as  a  highly  abstract 
theory.  Its  purpose  is  to  present  a  new  way  of 
co-ordinating  the  phenomena  studied  in  the  sci- 
ence of  physics.  Its  actual  content  is  to  be  found 
in  the  fundamental  entities  it  assumes  and  in  the 
relations  it  establishes  between  these  entities. 
These  entities  and  these  relations  are  different 
from  those  hitherto  used  in  physics.  Their  ad- 
vantages over  the  old  ones  are  that  they  are  fewer 
in  number,  and  that  their  adoption  leads  to  a 
greater  unification  and  comprehensiveness  on  the 
part  of  the  science  of  physics.  An  exposition  of 
relativity,  therefore,  should  be  chiefly  concerned 
to  show  what  the  new  entities  are  and  how  they 
differ  from  the  old  ones.  An  ideal  exposition 
would  also  show  how  much  greater  a  unity  is 
bestowed  on  physics  by  their  adoption,  but  I  do 
not  think  this  is  possible  in  a  non-technical  ex- 
position. Accordingly  I  have  endeavoured,  in 
the  following  exposition,  to  describe  the  new  en- 
tities introduced  by  Einstein  and  their  relation  to 
the  old  ones  introduced  by  Galileo  and  Newton. 
Unfortunately  these  entities  are  abstractions  — 
like  Newton's.     But  while  we  are  familiar  with 
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Newton's  abstractions,  force,  mass,  and  so  on, 
we  are  not  familiar  with  such  abstractions  as  a 
non-Euclidean  four-dimensional  continuum.  Also 
Einstein's  abstractions  were  introduced  for  the 
same  reason  that  Newton's  were  introduced, 
namely,  that  they  are  susceptible  of  mathemati- 
cal treatment.  For  physics  tries  to  describe 
phenomena  only  in  terms  of  entities  that  can  be 
mathematically  defined.  Hence,  in  discussing 
Einstein's  entities,  I  have  done  so  with  reference 
to  their  mathematical  aspects.  The  reader  must 
be  resigned  to  the  fact  that  it  is  only  in  virtue 
of  their  mathematical  aspects  that  these  entities 
have  any  raison  d'etre  at  all.  Nevertheless, 
although  I  am  forced  to  talk  about  mathematical 
entities,  I  do  not  perform  any  mathematical  cal- 
culations. It  would  be  necessary  to  do  so  if  I 
wanted  to  show  how  the  theory  of  relativity  de- 
velops from  its  assumptions.  But  my  object  is 
not  to  present  the  theory  of  relativity,  but  to 
show  what  the  theory  is  about. 

In  the  Introduction  I  make  clear  one  or  two 
phrases  that  constantly  recur  in  the  rest  of  the 
book,  and  which  it  would  need  a  great  deal  of 
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circumlocution  to  avoid.  The  mathematical  ap- 
pendix gives  the  mathematical  expressions  of  the 
chief  results  of  the  theory,  and  a  sketch  of  the 
reasoning  by  which  they  were  obtained.  It  is 
designed  for  those  readers,  who  seem  to  me  fairly 
numerous,  who  studied  mathematics  in  their 
youth,  but  whose  present  mathematics  is  not,  as 
it  were,  sufficiently  bright  and  ready  to  enable 
them  to  gain  their  knowledge  of  relativity  from 
the  original  sources.  Here  again  it  is  chiefly  the 
general  hang  of  the  matter  that  I  have  tried  to 
communicate.  My  own  indebtedness  is  chiefly 
to  Prof.  Eddington's  Mathematical  Theory  of 
Relativity.  It  is  easily  the  best  exposition  I  have 
read,  and  I  have  adhered  to  it  almost  slavishly 
in  the  following  pages. 


J.  W.  N.  Sullivan. 


Chobham,  1924. 
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INTRODUCTION 
§1 

The  Scientific  Description  of  the  Universe 

Science  is  an  attempt  to  describe  a  certain  region 
of  experience  in  terms  of  certain  fundamental 
entities  and  principles.  It  is  concerned  with  a 
limited  region  —  not,  perhaps,  as  a  necessary 
consequence  of  its  own  nature,  but  certainly  as 
a  matter  of  historical  fact.  Certainly  the  exact 
sciences,  if  we  consider  the  whole  of  any  human 
being's  experience,  have  a  very  limited  range. 
The  behaviour  of  sticks  and  stones,  stars  and 
planets,  are  fairly  well  understood  —  in  certain 
aspects,  at  least.  But  when  we  come  to  the 
phenomena  of  life  and,  still  more,  of  mind,  it 
becomes  apparent  that  science,  so  far  as  it  deals 
with  such  things  at  all,  tells  us  nothing  in  com- 
parison with  what  there  is  to  be  known.  It  is 
not  too  much  to  say  that  all  that  is  most  im- 

[1] 


INTRODUCTION 


portant  to  man  lies  at  present  outside  science. 
The  kind  of  information  science  gives  us  about 
the  "  material  universe,"  however,  is  quite  worth 
having.  Explanations  of  material  happenings  in 
terms  of  "  force,"  "  mass,"  and  so  on,  really  do 
meet  the  kind  of  interest  we  take  in  these  phe- 
nomena. In  terms  of  these  primary  concepts 
science  can  describe  these  phenomena  in  an  or- 
derly and  coherent  way  which  is  also  satisfactory. 
Descriptions  of  the  phenomena  of  life  in  terms 
of  these  same  concepts  are  not  so  satisfactory. 
Some  biologists  find  that  they  have  to  introduce 
new  primary  concepts  which  cannot  be  reduced 
to  those  found  adequate  for  the  purposes  of 
physics  and  astronomy.  Hence  we  find  such 
terms  as  "  vital,"  "  purpose,"  "  individuality  "  in 
the  writings  of  biologists.  There  are  some  scien- 
tific men  who  think  that  all  these  terms  will  prove 
translatable  into  the  terms  used  in  physics  — 
that  the  terms  found  adequate  for  mechanical 
systems  will  ultimately  prove  adequate  for  the 
phenomena  of  life,  and  even  for  mental  phe- 
nomena. It  must  be  remembered,  however,  that 
science  not  only  progresses ;  its  fundamental  prin- 
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ciples  and  entities  alter.  It  is  extremely  likely 
that  the  sciences  of  life  and  mind  of  the  future 
will  adopt  very  different  entities  and  principles 
from  those  used  in  physics  at  the  present  day. 

In  the  history  of  science  various  principles 
and  entities  have  been  adopted  to  describe  even 
the  "  material  '^  universe.  The  ancients  thought 
that  the  planets  moved  in  circles  because  the 
circle  was  a  perfect  figure.  Heavenly  bodies,  of 
course,  could  only  move  in  perfect  figures.  This 
is  an  aesthetic  principle,  and  is  not  now  used  in 
astronomy.  On  the  other  hand  the  ancient 
astronomers  did  not  adopt  an  entity,  namely, 
inertia,  which  modern  astronomers  find  very  use- 
ful. Their  whole  description  of  astronomical 
phenomena  was  based  on  principles  and  funda- 
mental concepts  which  we  have  replaced  by  a 
different  set.  Again,  in  the  physics  of  the  early 
Renaissance,  water  was  supposed  to  rise  in  a 
pump  because  nature  abhorred  a  vacuum.  We 
now  explain  the  same  phenomenon  by  referring 
it  to  the  pressure  of  the  atmosphere.  Even  as 
late  as  Descartes,  celebrated  mathematicians  de- 
duced the  laws  of  mechanics  from  the  perfections 
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of  God.  We  now  know  less  about  the  nature  of 
God  and  prefer  to  deduce  mechanical  principles 
from  observation.  These  examples,  which  could 
be  multiplied,  are  sufficient  to  show  that  the 
physical  sciences  have  not  always  adopted  the 
same  principles  nor  assumed  the  same  funda- 
mental concepts  in  the  attempt  to  describe  nature. 
It  cannot  be  too  clearly  realised  that  a  science  is 
a  system  of  making  orderly  and  coherent  a  certain 
region  of  experience,  and  that  the  terms  in  which 
it  does  so  are  to  some  extent  arbitrary.  The 
general  beliefs  current  in  any  particular  age  are 
largely  responsible  for  the  principles  and  entities 
adopted  by  men  of  science. 

The  concepts  of  modern  physics  are  largely  due 
to  Newton.  As  specimens  of  these  concepts  we 
may  instance  mass,  inertia,  force.  These  concepts, 
as  Newton  defined  them,  were  the  crystallisation 
of  a  great  deal  of  earlier  thinking.  They  are  all 
abstractions,  attempts  to  arrive  at  a  few  fun- 
damental terms  in  which  certain  observed  phe- 
nomena could  be  conveniently  and  economically 
described.  In  terms  of  these  concepts  the  motions 
of  the  planets,  for  example,  could  be  described 
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in  an  orderly  fashion.  An  earlier  attempt  to 
describe  the  planetary  motions  stated  that  angels 
carried  them  round  the  earth  in  just  the  way  they 
were  observed  to  go  round.  But  this  theory 
is  less  satisfactory  than  Newton's  because  the 
planetary  angels  play  no  part  in  other  phenomena. 
They  do  not  explain,  for  instance,  the  phenomena 
of  falling  stones  or  the  behaviour  of  two  colliding 
bodies,  whereas  Newton's  entities  suffice  to  de- 
scribe a  very  large  number  of  different  phenomena. 
Since  Newton's  time  some  of  his  entities  have 
acquired  a  richer  content,  some  have  been  aban- 
doned, and  some  new  ones  have  been  introduced. 
The  notion  of  "  energy,"  for  example,  has  changed 
a  great  deal  since  Newton's  time.  The  absolute 
time  and  absolute  space  in  which  he  believed 
are  not  now  used  in  physics.  Electricity  is  an 
example  of  a  new  concept.  Science,  therefore,  not 
only  tries  to  bring  a  greater  and  greater  region  of 
experience  within  its  scheme,  but  it  also  gradually 
modifies  its  scheme.  Even  its  fundamental  prin- 
ciples undergo  modification.  Thus  the  principle 
of  continuity  has  been  replaced,  in  large  regions 
of  physics,  by  the  principle  of  discontinuity.    But 
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it  would  be  a  mistake  to  suppose  that  changes  in 
the  scientific  scheme  are  purely  capricious.  We 
can  trace  a  direction  in  these  changes  and  we  can 
say  that  they  have  gradually  converged  towards 
a  system  of  interpretation  where  none  but  ob- 
servable factors  are  considered  as  in  causal  de- 
pendence. We  must  not  interpret  the  word 
^'  observable  "  too  narrowly  in  this  statement.  It 
would  be  more  correct  to  substitute  for  "  observ- 
able/^ "  definable  in  terms  of  physical  processes." 
If  an  entity  is  to  be  considered  as  a  scientific 
entity  we  must  be  able  to  say  what  physical 
processes  would  enable  us  to  detect  it.  This  is 
the  basis  of  Einstein's  objection  to  Newton's  ab- 
solute space  and  absolute  time.  There  are  no 
physical  operations,  according  to  Einstein,  which 
enable  us  to  distinguish  absolute  space.  As  re- 
gards absolute  time,  Newton  himself  confessed 
that  there  may  be  no  natural  processes  which 
enable  us  to  measure  it.  We  can  never,  in  the 
nature  of  things,  say  whether  we  are  dealing  with 
absolute  time  or  not.  Both  these  entities,  there- 
fore, are  described  by  Einstein  as  metaphysical, 
with  no  real  place  in  science.    Newton  said  that 
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the  centrifugal  force  developed  by  a  rotating  body 
was  due  to  the  body's  relation  to  absolute  space. 
Here  an  unobservable  factor,  absolute  space,  is  in- 
voked as  the  cause  of  an  observable  physical  phe- 
nomenon. According  to  Einstein,  science  must 
not  invoke  such  an  entity  as  the  cause  of  any- 
thing. Absolute  space  and  time,  so  far  as  science 
is  concerned,  belong  to  the  same  class  of  entities 
as  the  Will  of  God,  Beauty,  the  Principle  of  Evil, 
and  so  on.  They  may  even  be  realities,  and  some 
kinds  of  knowledge  may  find  it  necessary  to  as- 
sume them,  but  since  they  are  not  definable  in 
terms  of  physical  processes,  since  we  know  of  no 
physical  apparatus  which  can  measure  them  or 
even  detect  their  existence,  they  are  not  to  be 
imported  into  scientific  descriptions.  In  other 
words,  science  is  a  game  played  according  to  cer- 
tain rules.  It  is  quite  open  to  anybody  to  say, 
as  doubtless  some  mystics  would,  that  such  rules 
exclude  everything  of  real  interest  about  the 
universe.  Science,  however,  is  committed  to  them, 
and  the  choice  must  be  justified  by  its  results. 
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§2 

Co-ordinates 

Everything  with  which  science  is  concerned 
takes  place  in  space  and  time.  Of  every  event 
that  any  man  of  science  ever  examined  we  can 
say  that  it  took  place  somewhere  and  somewhen. 
It  is  perfectly  possible  that  there  are  some 
things  for  which  the  conceptions  of  spatial  and 
temporal  location  are  inadequate.  In  science, 
however,  nothing  is  considered  but  what  exists 
in  space  and  time.  It  must  be  noted  that  we 
refer  to  existence  in  both  space  and  time.  We 
do  not  consider  anything  that  exists  at  no  time 
at  all,  nor  do  we  consider  anything  that  exists 
nowhere.  Consequently,  in  describing  an  event, 
we  have  to  say  both  when  and  where  it  happened. 
It  is  essential,  therefore,  that  we  should  have  a 
method  whereby  we  can  assign  unambiguously  to 
every  event  both  its  place  and  its  time.  Methods 
of  assigning  the  place  and  time  of  anything  vary. 
We  may  assign  the  position  of  an  object  by  saying 
that  it  is  opposite  to  the  Law  Courts,  and  the 
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time  of  an  occurrence  by  saying  it  happened  in 
the  year  that  Captain  Cuttle  won  the  Derby.  We 
should  not  employ  this  method,  however,  if  we 
were  talking  to  a  foreigner.  We  want  less  local 
standards  from  which  to  make  our  measurements. 
We  could,  for  instance,  give  the  latitude  and 
longitude  of  a  place,  and  the  date  of  an  event. 
In  any  case  we  must  have  an  arbitrary  starting 
point,  such  as  the  meridian  at  Greenwich  or  the 
beginning  of  the  Christian  era.  The  most  popu- 
lar method  in  science  of  specifying  the  place  of 
an  event  is  the  method  of  Descartes.  Consider, 
for  instance,  the  position  of  a  point  on  a  plane 
piece  of  paper.  We  first  draw  two  straight  lines 
at  right  angles  to  one  another.  The  position  of 
the  point  can  be  exactly  specified  by  giving  its 
perpendicular  distance  from  each  line.  These 
perpendicular  distances  are  called  its  co-ordinates, 
and  the  two  fixed  lines  at  right  angles  are  called 
axes  of  co-ordinates.  In  this  case  the  two  fixed 
lines  are  said  to  form  a  rectangular  system  of 
co-ordinates.  We  can  extend  this  method  to 
points  not  lying  in  the  plane  of  the  paper.  We 
might,  for  instance,  have  a  stick  planted  on  a 
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tennis  lawn  and  wish  to  determine  the  position 
of  the  knob.  Taking  the  base  line  and  a  side  line 
as  our  axes  of  co-ordinates  we  can  give  the  two 
distances  of  the  point  where  the  stick  is  planted 
in  the  ground  from  these  two  lines.  In  addition, 
to  determine  the  position  "  in  space  "  of  the  knob, 
we  must  give  the  height  of  the  stick.  For  the 
position  of  a  point  in  space,  therefore,  we  require 
three  measurements.  This  is  what  is  meant  by 
saying  that  space  has  three  dimensions.  The 
reader  will  find  that,  whatever  method  he  invents, 
he  will  not  be  able  to  determine  the  position  of 
a  point  in  space  with  less  than  three  measure- 
ments. We  usually  select  three  planes  at  right- 
angles,  and  give  the  perpendicular  distances  of 
the  required  point  from  each  of  these  planes. 
We  cannot,  of  course,  have  more  than  three  planes 
or  three  lines  at  right-angles.  We  can  put  three 
matches  so  that  each  is  at  right  angles  to  the 
other  two,  but  we  cannot  possibly  put  a  fourth 
at  right  angles  to  the  other  three. 

We  need  not  always  use  rectangular  axes.  We 
might,  for  instance,  in  a  plane,  take  a  fixed  line 
and  a  fixed  point  on  it.    Then  the  position  of  any 
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other  point  in  the  plane  could  be  determined  by 
drawing  a  line  from  that  point  to  the  fixed  point. 
The  length  of  the  line  and  the  angle  it  makes 
with  the  fixed  line  are  then  the  two  measurements 
required.  In  space  we  could  use  an  analogous 
method.  We  should  require  one  distance  and 
two  angles  to  determine  the  position  of  a 
point.  Such  co-ordinates  are  called  polar  co-ordi- 
nates. 

Co-ordinates  of  some  kind  or  another  are  con- 
tinually being  used  in  the  mathematical  sciences. 
In  astronomy,  for  example,  it  is  very  usual  to 
imagine  three  enormous  planes  meeting  in  the 
centre  of  the  sun.  The  actual  directions  of  these 
planes  are,  of  course,  properly  defined.  The  posi- 
tion of  any  body  in  the  solar  system,  a  planet,  a 
comet,  or  what  not,  is  then  expressed  in  terms 
of  its  perpendicular  distances  from  these  three 
planes. 

We  have  said  that,  to  specify  an  event  com- 
pletely, we  require  to  know  the  when  as  well  as 
the  where  of  its  occurrence.  Measured  from  some 
''  zero  "  time,  therefore,  we  have  to  give  the  time 
as  well  as  the  place.    In  general,  as  we  have  seen, 
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it  requires  three  measurements  to  determine  the 
place  of  an  event.  We  require  one  more  measure- 
ment—  a  time  measurement  —  to  determine  the 
time  of  its  occurrence.  In  general,  therefore,  we 
require  four  measurements  altogether.  By  a 
slight  extension  of  the  meaning  of  the  term  we 
can  call  the  time  measurement  also  a  "  co-ordi- 
nate." Fully  to  specify  an  event,  therefore,  we 
require  four  co-ordinates.  We  may  mention  that 
space  co-ordinates  are  generally  denoted  by  x,  y,  z, 
and  the  time  co-ordinate  by  t.  Thus,  if  we  are 
using  rectangular  axes,  and  our  units  are  feet  and 
seconds,  we  might  say  that  the  co-ordinates  of 
an  event  were  x  =  2,  y  =  S,  z  =  4:,  and  t  =  7. 
This  means  that  the  place  of  the  event  was  2  feet 
distant  from  one  plane,  3  feet  from  another, 
and  4  feet  from  the  third,  and  that  the  event  oc- 
curred 7  seconds  after  the  moment  chosen  as  zero 
time. 

There  is  one  very  easy  but  very  important 
problem  that  arises  in  connection  with  the  use  of 
co-ordinates.  That  problem  is  to  determine  the 
distance  between  two  points  whose  co-ordinates 
are  given.    Consider,  for  example,  two  points  in 
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a  plane.  Let  their  co-ordinates  be  x^,  y^  and  Xg,  2/2. 
What  is  the  distance  of  the  point  X2,  2/2  from  the 
point  Xi,  2/1? 

Consider  the  triangle  in  the  diagram  formed 
by  the  distance  s  and  the  two  dotted  lines.  The 
horizontal  dotted  line  is  obviously,  in  length, 
X2-Xi.  The  vertical  dotted  line  is,  in  length, 
2/2-2/1-  Now  we  know  from  Euclid  that  the 
square   on   the   hypotenuse   of   this  triangle   is 


X-AXIS  OF  COOPOINATES 


equal  to  the  sum  of  the  squares  on  the  two  sides. 
The  hypotenuse  is  the  distance  s  between  the 
two  points.  Hence  s^  =  (xz-XiY  +  (1/2 -yiY  or 
s=  ^(X2-Xiy+  (2/2-2/1)"-  This  is  the  simple 
formula  for  the  distance  between  two  points  in 
a  plane  whose  co-ordinates  are  given.  An  analo- 
gous expression  gives  the  distance  between  two 
points  in  space,  i.e.,  two  points  each  of  which  has 

[13] 


INTRODUCTION- 


three  co-ordinates.  Suppose  these  co-ordinates  to 
be  Xx,  yi,  Zi  and  X2,  y.2,  Zo  respectively.  Then  the 
distance  s  between  the  two  points  is  given  by  the 
formula  s'  ==  {x^  -  x^Y  +  (1/2  -  2/1)'  +  (^2  - z^Y^ 

It  must  be  remembered  that  these  formulae  only 
hold  good  for  rectangular  systems  of  co-ordinates. 
Different  formulae  are  required  for  other  systems. 


§3 

Infinitesimals 

It  is  often  convenient,  in  mathematical  calcula- 
tions, to  consider  the  distance  between  "  infinitely 
near  ^'  points.  The  phrase  "  infinitely  near  "  is 
a  little  unfortunate,  since  it  suggests  a  number 
of  logical  puzzles  to  the  reader.  It  is  only  a  way 
of  speaking,  however.  We  may  illustrate  the  sort 
of  idea  involved  by  thinking  of  the  motion  of  a 
falling  body.  The  body  falls  more  and  more 
quickly,  so  that  its  velocity  is  constantly  chang- 
ing. Nevertheless,  one  is  quite  justified  in  saying 
that  the  body  has  a  definite  velocity  at  every 
instant  of  its  fall.    How  can  we  find  its  velocity 

[14] 


INTRODUCTION 


at  any  given  instant?  The  usual  way  of  finding 
a  velocity  is  to  divide  the  distance  traversed  by 
the  time  taken  to  do  it.  But  in  the  present  case, 
whatever  distance  we  take,  the  velocity  has 
changed  during  that  distance.  The  method  would 
give  us  only  an  average  velocity.  Nevertheless, 
the  smaller  the  distance  we  take  the  nearer  we 
shall  get  to  the  velocity  we  want.  We  could 
imagine  ourselves  taking  smaller  and  smaller  dis- 
tances, dividing  them  by  the  smaller  and  smaller 
times  involved,  and  so  getting  nearer  and  nearer 
to  the  required  velocity.  Is  there  any  limit  to 
this  process?  The  only  limit  possible  would  seem 
to  be  when  the  distance  and  the  time  taken  to 
describe  it  were  both  zero.  Nevertheless,  there 
is  a  method,  called  the  differential  calculus,  for 
finding  the  ratio  of  two  quantities  as  they  both 
decrease  without  limit.  We  shall  not  describe  this 
method.  We  only  mention  it  to  make  clear  the 
notation  to  be  employed.  Thus,  if  we  call  a 
distance  s  and  the  time  taken  to  describe  it  t, 

then  we  obtain  a  velocity  from  the  ratio  —  •  But 

z 

when  mathematicians  wish  to  tell  us  that  they 
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are  considering  a  limiting  velocity,  such  as  we 

ds 
have  described  above,  they  write  the  ratio  —  • 

The  ''  d  "  used  here  is  not  a  quantity  multiplying 
s  and  t.  It  is  merely  a  short-hand  way  of  indi- 
cating that  s  and  t  are  being  considered  at  the 
moment  that  they  vanish.  It  is  rather  illogical, 
but  it  is  also  convenient,  to  picture  ds  as  an  ex- 
ceedingly small  distance  and  dt  as  an  exceedingly 
small  time.  In  this  pictorial  sense  ds  and  dt  are 
called  infinitesimals.  The  points  separated  by 
the  distance  ds  are  said  to  be  infinitely  near  to- 
gether. It  is  all  a  mere  manner  of  speaking,  just 
to  give  our  imaginations  something  to  go  upon. 
When  a  mathematician  talks  about  infinitely  near 
points  or  infinitesimal  distances  and  times,  we 
need  have  no  logical  scruples  in  listening  to  him. 
All  that  he  really  means  to  say  is  that  he  is  em- 
ploying the  method  of  the  differential  calculus, 
but  that  he  likes  to  try  to  picture  what  he  is  doing 
as  he  goes  along. 

The  geometrical  properties  of  a  complicated 
surface  may  vary  from  point  to  point.  In  this 
case  it  is  convenient  to  have  an  expression  for 
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the  distance  between  two  infinitely  near  points. 
And  in  order  to  adopt  a  uniform  method  we  may, 
in  all  cases,  express  the  formula  for  distance  in 
this  infinitesimal  notation.  Thus  in  rectangular 
axes  the  distance  between  the  x  co-ordinates  of 
two  infinitely  near  points  in  a  plane  may  be 
written  dx.  Similarly,  for  the  distance  between 
the  y  co-ordinates  we  may  write  dy.  And  the 
distance  between  the  two  infinitely  near  points 
is  given  by  the  formula  ds^  =  dx^  +  dy'^.  The 
analogous  expression  for  three  dimensions  is 
ds^  =  dx"  +  dy'  +  dz\ 

§4 

Equations 

We  have  said  that  the  science  of  physics  adopts 
entities  which  are  more  or  less  arbitrary  in  order 
to  give  a  coherent  picture  of  a  certain  region  of 
experience.  The  great  guiding  principle  in  the 
selection  of  these  entities  is  that  they  shall  be 
susceptible  of  mathematical  treatment.  Such 
notions  as  force,  velocity,  acceleration,  and  so  on, 
can  all  be  defined  mathematically.  The  purpose 
of  physics  is  to  describe  phenomena  by  means 
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of  equations  and,  during  the  last  hundred  years, 
physics  has  come  to  describe  phenomena  more 
and  more  in  terms  of  what  are  called  "  differential 
equations."  Suppose,  for  instance,  that  we  have 
a  region  of  space  permeated  by  the  waves  of 
wireless  telegraphy.  These  waves  are  said  to  be 
electro-magnetic  waves,  which  means  that  at 
every  point  of  the  space  considered  there  is  an 
electric  force  and  a  magnetic  force.  What  is  the 
relation  between  these  forces?  We  must  remem- 
ber that  they  vary  from  point  to  point  of  the 
space  considered,  and  they  also  vary  from  moment 
to  moment  of  time.  Let  us  confine  our  attention 
to  a  certain  point  at  a  certain  moment.  We  can 
find,  by  the  method  of  the  differential  calculus, 
the  change  in  the  forces  as  we  pass  from  the 
point  considered  to  an  infinitely  near  point.  We 
can  also  find  the  change  they  undergo  in  an  in- 
finitesimal lapse  of  time.  We  try  to  find  the 
relations  between  these  changes.  We  may  find, 
for  instance,  that  the  space-rate  of  change  of  the 
magnetic  force  is  equal  to  the  time-rate  of  change 
of  the  electric  force.  And  we  may  see  that  this 
result  is  general,  that  it  holds  good  at  every  point 
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of  the  space  considered,  and  for  every  moment 
of  time.  We  are  then  said  to  have  found  an 
equation  and,  moreover,  since  it  is  infinitesimal 
stretches  of  space  and  infinitesimal  lapses  of  time 
with  which  we  are  concerned,  our  equation  is  a 
differential  equation.  From  these  equations  we 
can,  by  mathematical  development,  find  all  the 
laws  these  waves  must  obey. 

These  equations,  since  they  express  rates  of 
change  with  respect  to  distance  and  time,  assume, 
of  course,  some  system  of  co-ordinates.  But  there 
is  an  infinite  number  of  varieties  of  systems  of 
co-ordinates.  Must  we  have  different  equations, 
then,  for  every  system  of  co-ordinates  that  any- 
body might  choose  to  employ?:^  Einstein  answered 
this  question  by  saying  that  the  equations  of 
physics  are  only  correctly  formulated  when  they 
remain  unaltered  for  any  change  in  the  co-ordi- 
nate system.  This  is  a  very  strict  criterion.  It 
rules  out,  for  instance,  Newton^s  equations  to 
motion,  although  it  leaves  standing  Maxwell's 
electro-magnetic  equations.  Equations  which 
satisfy  this  criterion  are  called  Tensor  equations, 
and  they  are  treated  by  the  Calculus  of  Tensors. 

[19] 


FIRST  DIALOGUE 

THE  NEWTONIAN   PHILOSOPHY 

{The  dialogue  takes  place  between  U 
Mathematical  Physicist,  a  Philosopher, 
and  an  Ordinary  Intelligent  Person.  The 
Mathematical  Physicist  is  provided  with 
a  black-board,  on  which  he  occasionally  writes 
down  very  simple  mathematical  expressions. 
The  Ordinary  Intelligent  Person's  first 
impulse,  on  seeing  these  expressions,  is  to  take 
fright  and  to  give  up  all  attempts  to  follow 
the  argument.  Encouraged  by  the  benign 
placidity  of  the  Mathematical  Physicist, 
however,  he  takes  a  second  look  at  the  ex- 
pressions, and  finds,  to  his  great  surprise  and 
relief,  that  he  can  understand  them  perfectly 
well.) 

Phil,  (to  Math.  Phys.):  I  think  it  would  be 
advisable,  in  expounding  to  us  the  new  theory 
of  the  universe  which  is  associated  with  the  name 
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of  Einstein,  that  you  should  begin  by  making  clear 
to  us  the  theory  that  it  has  replaced,  the  theory 
that  is  associated  with  the  name  of  Newton. 
Einstein's  theory  is,  I  understand,  an  alternative 
way  of  accounting  for  phenomena,  and  its  strength 
lies  in  the  greater  simplicity  and  naturalness  of 
its  assumptions.  If,  therefore,  you  first  make 
clear  to  us  the  assumptions  involved  in  the  older 
theory  we  shall  be  in  a  better  position  to  ap- 
preciate the  simplicity  which,  you  say,  Einstein's 
theory  introduces. 

Math.  Phys.:  Exactly.  And  that  is  what  I 
propose  to  do  on  this  occasion.  The  assump- 
tions of  the  Newtonian  philosophy  have  domi- 
nated physics  up  to  within  quite  recent  times. 
Indeed,  it  was  not  until  1905,  when  Einstein  pub- 
lished his  restricted  principle  of  relativity,  that 
most  of  us  realised  that  they  were  assumptions 
at  all.  We  regarded  them,  if  we  thought  about 
them  at  all,  as  necessities  of  thought.  It  is  true 
that,  even  in  Newton's  time,  objections  were 
made  to  some  of  his  assumptions.  Leibniz  for 
instance 

Ord.  Int,  Per.:  What  are  these  assumptions? 
[21] 
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Math.  Phys.:  They  are  numerous.  Newton 
assumed,  for  instance,  three  fundamental  entities, 
Time,  Space,  Matter.  Time  he  conceived  as  ex- 
isting independently  of  both  space  and  matter. 
Time,  he  appeared  to  think,  could  go  on  even  if 
the  whole  universe  shrank  to  a  point.  Space, 
however,  required  time.  A  space  which  lasted  for 
no  time  at  all  was  inconceivable.  Matter  required 
both  time  and  space.  Matter  must  exist  some- 
when  and  somewhere.  But  these  three  entities 
were  regarded  as  independent  in  the  sense  that 
matter  merely  "  occupied  "  time  and  space.  Space 
remained  exactly  the  same  whether  it  was  occu- 
pied by  matter  or  not ;  none  of  its  properties  were 
altered  by  the  presence  of  matter.  And  the  same 
was  true  of  time.  Time  was  not  merely  a  relation 
between  events.  Events  occupied  time,  and  by 
so  doiifg  acquired  the  relation  of  before  and  after. 
But  time  would  go  on  even  if  there  were  no  events. 
Similarly,  the  distance  between  two  bodies  was 
a  relation  they  acquired  by  existing  in  space.  The 
bodies  occupied  different  parts  of  an  indepen- 
dently existing  space,  and  the  distance  between 
the  immovable  parts  of  space  they  occupied  at  a 
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given  instant  —  an  instant  of  the  independent 
and  uniformly  flowing  time  —  was  the  distance 
between  the  bodies  at  that  instant. 

Phil.:  Well,  I  see  no  objection  to  this  descrip- 
tion of  Time  and  Space.  Of  course,  Newton 
doubtless  supposed  that  his  Time  and  Space  were 
objective  entities,  and  that  they  were  facts  of 
nature  quite  independent  of  the  mind.  In  this 
he  was  wrong.  Space  and  Time  are  contributed 
by  the  mind  itself;  they  are  forms  of  perception. 
But,  granted  that,  I  do  not  see  why  they  should 
not  have  the  properties  that  Newton  describes. 

Math.  Phys.:  You  will  see,  if  you  have  patience 
and  listen  to  me  long  enough,  that  I  also  agree 
that  Space  and  Time  are  contributed  by  the  mind 
—  matter  too,  in  point  of  fact  —  but  my  present 
objection  to  the  Newtonian  Space  and  Time  is 
not  that.  My  objection  is  this:  How  can  one 
distinguish  this  Space  and  Time?  Consider,  for 
instance,  the  distance  between  two  material  point 
particles.  Their  distance,  according  to  Newton, 
is  the  distance  between  the  points  of  space  at 
which  they  are  situated.  In  measuring  the  dis- 
tance we  measure  the  distance  between  the  two 
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bodies.  Why,  then,  should  we  not  simply  say 
that  their  distance  is  a  relation  between  the  two 
bodies?  Why  introduce  these  hypothetical  im- 
movable points  of  space  at  which  the  bodies  are 
situated? 

Ord.  Int.  Per,:  I  think  I  can  answer  that. 
Bodies  move  about.  There  is  no  such  thing  as 
the  distance  between  two  bodies.  Suppose  I  want 
to  state  the  distance  from  a  body  at  one  moment 
to  another  body  at  another  moment.  I  must  state 
the  distance  between  the  point  of  space  the  one 
body  was  at  at  one  moment,  and  the  point  of  space 
the  other  body  was  at  at  the  other  moment. 

Math.  Phys.:  But  how  do  you  identify  these 
points  of  space?  In  practice  you  use  a  frame  of 
reference,  constituted  by  material  bodies.  You 
find  that  your  first  body  coincides  with  a  certain 
mark  on  your  scale  at  an  instant  ti,  and  the  second 
body  with  another  mark  at  an  instant  t-z.  And 
in  doing  this  you  make  certain  assumptions  about 
your  mode  of  measuring  time.  The  whole  ques- 
tion is  a  little  complicated,  and  I  must  deal  with 
it  later. 

Phil.:  It  is  complicated,  you  say.  Well,  the 
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Newtonian  theory  has  the  merit  of  dealing  simply, 
at  any  rate,  with  the  ease  our  young  friend  has 
just  stated. 

Math.  Phys.:   The  fact  that  the  Newtonian 
theory  is  simple  does  not  help  us  if  it  cannot  be 
applied.    I  do  not  know  what  concepts  are  con- 
sidered admissible  in  philosophy,  but  in  science 
we  are  endeavouring  to  use  no  concepts  which 
cannot  be  defined  in  terms  of  physical  processes. 
The  distance  between  two  bodies,  for  instance, 
may  be  defined  in  terms  of  physical  operations 
of  measurement,  but  the  distance  between  two 
points  in  space  cannot  be  so  defined.    You  have 
to  introduce  bodies  which  are  at  the  points.    This 
must  mean  that  you  know  whether  or  not  a  body 
is  in  a  state  of  absolute  rest.     I  admit  that  the 
Newtonian  philosophy  hangs  together.     If  you 
have  absolute  space  and  absolute  time  you  can 
have  absolute  motion.    But  can  you  tell  me  of 
any  physical  experiments  which  enable  you  to 
know  whether  you  are  dealing  with  a  case  of 
absolute  motion? 

Phil:   Surely  the  laws  of  motion  have  been 
stated  by  Newton. 
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Math.  Phys.:  Yes.  And  that  brings  me  to 
other  assumptions  of  the  Newtonian  philosophy. 
But  before  going  on  to  that  I  would  ask  you 
what  significance  we  are  to  ascribe  to  Newton's 
absolute,  uniformly  flowing  time?  How  can  we 
measure  it?  In  the  last  resource  our  measure- 
ment of  time  is  a  matter  of  observing  certain 
astronomical  phenomena.  And  Newton  himself 
says  that  it  is  possible  that  no  absolutely  uniform 
motion  exists  in  nature.  But  absolute  time,  he 
goes  on  to  say,  proceeds  unaltered.  How,  then, 
can  we  know  whether  we  are  measuring  absolute 
time?  If  all  physical  processes  suddenly  pro- 
ceeded at  double  the  rate  they  were  going  at 
before,  no  difference  whatever  would  be  percep- 
tible. In  fact,  unless  we  assume  Newton's  ab- 
solute time,  it  would  be  meaningless  to  say  they 
were  going  at  double  the  rate. 

Ord.  Int.  Per.:  But  if  there  is  no  absolute  time, 
is  not  year  choice  of  a  standard  of  time  quite 
arbitrary?  I  have  heard  it  said  that  the  earth  is 
the  standard  clock.  If  this  is  so  then  its  period 
of  rotation  must,  by  definition,  be  constant.  But 
I  have  also  heard  that  some  astronomers  have 
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held  that  the  earth  is  slowing  down.  How  can 
they  know,  or  rather,  how  can  that  be? 

Math.  Phys.:  Your  question  brings  me  to  one 
of  the  directing  principles  in  the  creation  of 
scientific  theories.  In  describing  phenomena  we 
are  guided  by  convenience  and  simplicity.  I 
agree  with  you  that  if  the  earth  were  defined  as 
the  standard  clock,  then  obviously  it  could  not 
be  said  to  be  slowing  down.  But  it  is  not  so 
defined.  Our  notion  of  equal  periods  of  time  is 
deduced  from  a  whole  complex  of  astronomical 
phenomena,  and  to  say  that  the  earth  is  slowing 
down  means  that  we  find  it  more  convenient  to 
suppose  this  rather  than  to  assume  that  certain 
other  phenomena  are  behaving  in  an  irregular 
and  capricious  manner.  To  introduce  a  little 
complexity  into  the  motion  of  the  earth  is  more 
convenient  than  to  introduce  a  great  deal  of 
complexity  elsewhere.  You  will  find  that  not 
only  science,  but  most  sensible  human  thinking, 
proceeds  on  the  same  principle. 

Phil:  You  have  two  principles,  then.  Just 
now  you  rejected  Newton's  space  because,  though 
simple,  it  could  not  be  detected,  and  now  your 
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criterion  in  choosing  your  time  standard  is  that 
it  enables  you  to  describe  phenomena  with  the 
maximum  amount  of  simplicity. 

Math,  Phys.:  Precisely.  We  employ  both  prin- 
ciples. We  wish  to  introduce  no  entities  which 
cannot  be  defined  in  terms  of  physical  processes, 
"  observed,"  as  some  people  say,  and  in  con- 
structing our  theories  we  aim  at  making  as  few 
assumptions  as  possible  —  at  being  as  simple  as 
possible.  These  are,  indeed,  our  two  guiding 
principles. 

Phil:  Very  good.  But  I  would  like  to  point 
out  that  "  simplicity  "  is  a  purely  relative  term, 
and  that  your  theories  are  simple  only  in  relation 
to  the  aspects  of  phenomena  with  which  they 
are  concerned.  A  scientific  description  of  the 
universe  can  be  a  simple  description  only  of  its 
scientific  aspects;  it  is  not  a  description,  simple 
or  otherwise,  of  the  universe. 

Math.  Phys.:  I  never  said  there  was  no  raison 
d'etre  for  philosophy  or  religion  or  anything  else. 
I  am  quite  aware  of  the  limitations  of  science. 
We  try  to  introduce  order  and  coherence  into 
a  certain  region  of  experience  —  ultimately,  per- 
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haps,  into  the  whole  of  experience,  but  in  terms 
of  certain  entities  and  certain  relations  between 
those  entities.  Ours  is  one  of  many  ways  of 
ordering  experience,  and  we  would  never  dream 
of  claiming  that  our  picture  of  experience  is 
exhaustive. 

Phil.:  Quite  so.  But  it  is  as  well  to  know  what 
we  are  doing.  We  must  realise  that  in  discussing 
science  we  are  discussing  one  of  several  ways  of 
making  a  picture  out  of  the  data  of  experience. 
Certain  fundamental  entities  are  assumed  —  more 
or  less  arbitrarily  —  and  experience  is  accounted 
for  in  terms  of  relations  between  these  entities. 
Other  ways  of  ordering  experience  start  with 
different  fundamental  entities.  For  some  pur- 
poses we  prefer  one  picture  and  for  other  purposes 
another  picture.  It  is  doubtful  whether  the  whole 
of  experience  will  ever  be  comprised  within  any 
one  of  these  pictures.  It  seems  to  me  important 
that  our  scientific  friend  should  be  quite  clear 
on  this  point.  Scientific  men  have  sometimes 
talked  about  science  as  if  it  is  all  we  know  and 
all  we  need  to  know.  By  all  means  let  the  scien- 
tific man  proceed  only  from  things  that  can  be 
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"  observed/'  But  let  him  allow  the  mystic  or 
the  artist  to  proceed  from  things  that  can  only 
be  "  felt/'  "  Live  and  let  live,"  should  be  the 
present  day  motto  for  science. 

Math,  Phys.:  May  I  go  on  now? 

Ord.  Int.  Per.:  Did  not  Newton  prove  experi- 
mentally that  absolute  motion  occurred  —  at  least 
in  the  form  of  absolute  rotation? 

Math.  Phys.:  You  are  referring  to  his  experi- 
ment with  a  pail  of  water.  That  and  the  ex- 
periment of  Foucault's  pendulum  have  often  been 
taken  to  show  that  absolute  rotation,  at  any  rate, 
must  be  admitted.  The  answer  given  by  the 
relativist  is  really  the  same  for  both,  so  we  may 
confine  our  attention  to  the  pail  of  water.  New- 
ton's experiment  amounts  to  this:  Suppose  we 
take  a  pail  of  water  and  hang  it  up  by  a  string. 
Now  twist  the  pail  of  water  round  several  times 
and  then  leave  the  string  free  to  untwist  itself. 
The  pail  rotates  but,  to  begin  with,  the  water 
does  not  share  in  this  rotation.  Presently,  under 
the  influence  of  friction  against  the  sides  of  the 
pail,  the  water  also  begins  to  rotate,  and  finally 
pail  and  water  rotate  as  a  whole.    At  this  stage 
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the  surface  of  the  water,  which  was  before  quite 
flat,  is  depressed  in  the  middle.  Now  stop  the 
pail.  The  water  continues  to  rotate  and  to  re- 
main depressed  in  the  middle  until  gradually, 
under  the  influence  of  friction,  it  comes  to  rest 
and  its  surface  again  becomes  flat.  Now  let  us 
tabulate  what  has  happened.  In  the  first  case, 
before  the  water  has  taken  up  the  motion,  there 
is  relative  rotation  between  the  pail  and  the  water, 
but  no  perceptible  physical  change,  that  is,  no 
depression  of  the  water.  In  the  second  case,  when 
there  is  no  relative  rotation  of  the  water  and  the 
pail,  there  is  a  physical  difference  —  the  water  is 
depressed.  In  the  third  case,  when  there  is  again 
relative  rotation  there  is  a  physical  difference  — 
the  water  remains  depressed.  If  we  regard  the 
rotation  of  the  water  merely  as  a  relation  to  the 
pail  we  are  led  to  the  extraordinary  conclusion 
that  in  one  case  this  rotation  makes  no  difference 
to  the  shape  of  the  water  and  that  in  the  other 
case  it  does  make  a  difference.  Yet  if  rotation 
is  purely  relative  to  the  pail  the  cases  are  precisely 
similar.  Newton  concluded  that  the  rotation 
could  not  be  relative,  but  must  be  absolute. 
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Ord.  Int.  Per.:  Well,  after  all,  that  does  not 
follow.  The  water  is  rotating  not  only  with  re- 
spect to  the  pail,  but  with  respect  to  a  number 
of  other  bodies  —  the  earth,  for  example,  and 
the  fixed  stars.  Newton  did  not  experimentally 
obtain  a  case  of  absolute  rotation  since  there 
were,  in  fact,  many  bodies  in  the  universe  with 
respect  to  which  the  water  was  rotating. 

Math.  Phys.:  Precisely;  and  that  is,  in  essence, 
the  answer  of  the  relativist.  I  think  that  what 
Newton  did  was  to  imagine  this  experiment  being 
performed  in  a  universe  which  contained  nothing 
but  the  pail  and  the  water.  He  was  prone  to  this 
kind  of  abstraction,  as  we  shall  see  when  we  come 
to  discuss  his  laws  of  motion.  It  is,  indeed,  a 
very  natural  thing  to  do,  and  it  is  very  difficult, 
as  the  history  of  science  shows,  to  stick  to  our 
principle  of  dealing  only  with  "  observed  '^  fac- 
tors. Newton,  I  believe,  imagined  that  if  this 
experiment  were  made  in  a  universe  containing 
nothing  but  the  pail  and  the  water,  the  same 
phenomena  would  be  observed.  Our  reply  is  that 
we  have  no  reason  to  suppose  anything  of  the 
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sort.  We  simply  do  not  know  what  would  hap- 
pen, but  we  have  no  reason  to  believe  that  phe- 
nomena which  take  place  in  the  universe  as  it  is 
would  be  the  same  in  an  entirely  different  uni- 
verse. To  suppose  that  they  would  is  to  repeat 
the  error  of  the  early  philosophers  who  legislated 
for  the  universe  on  the  basis  of  supposed  neces- 
sities of  thought  —  such  as  Euclid's  axioms  — 
which  we  now  know  to  be  nothing  of  the  kind. 
Newton's  philosophy,  by  making  appeal  to  un- 
observable  factors  is,  as  Einstein  has  said,  partly 
metaphysical. 

Phil.:  Do  you  believe,  then,  that  if  the  fixed 
stars  were  annihilated  the  earth  would  not  be 
flattened  at  the  poles? 

Math.  Phys.:  I  do  not  know.  But  I  see  no 
reason  to  suppose  that,  in  such  a  case,  the  earth 
would  be  flattened  at  the  poles.  But  I  do  not 
believe  that  we  yet  know  all  the  difference  that 
the  presence  of  the  flxed  stars  makes  to  phe- 
nomena. Very  extraordinary  things,  of  which  we 
have  no  idea,  might  occur  with  the  abolition  of 
the  fixed  stars. 
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Phil.:  Would  not  the  experiment  of  Foucault's 
pendulum  prove  that  the  earth  rotated,  even  if 
we  were  unable  to  observe  the  fixed  stars? 

Math.  Phys,:  It  would  prove  that  the  earth 
rotated  with  respect  to  the  plane  of  Foucault's 
pendulum.  And  it  is  an  interesting  fact,  by  the 
way,  that  the  rotation  of  the  earth,  if  accurately 
determined  by  Foucault's  pendulum,  is  not  quite 
the  same  as  its  rotation  with  respect  to  the  fixed 
stars/ 

PhiL:  Well,  I  will  admit  that  you  are  not 
compelled  to  believe  in  absolute  rotation.  But 
I  am  still  in  the  dark  as  to  how  you  deal  with  it 
on  your  theory. 

Math.  Phys.:  That  will  come  later.  All  that 
I  want  you  to  admit  at  present  is  that  we  have 
not  yet  found  any  reason  to  believe  in  the  exist- 
ence of  absolute  motion.  We  are  now  in  a  posi- 
tion to  discuss  critically  the  formal  foundations  of 
the  Newtonian  theory,  his  laws  of  motion.  His 
first  law  states,  you  remember,  that  a  body  per- 
sists in  its  state  of  rest  or  of  uniform  motion  in  a 
straight  line,  except  in  so  far  as  it  is  acted  upon 

1  Eddington's  Mathematical  Theory  oj  Relativity,  p.  99. 
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by  external  forces.  Now  let  us  consider  the  as- 
sumptions implied  by  this  statement.  In  the 
first  place  we  must  remember  that  the  law  is  a 
deduction  from  experiment.  Galileo  was  led  to 
this  law  from  the  observed  behaviour  of  bodies  on 
the  surface  of  the  earth.  Of  course,  no  body 
on  the  surface  of  the  earth  is  ever  entirely  free 
from  the  action  of  external  forces,  and  therefore 
no  experimentally  controlled  body  can  ever  ex- 
actly fulfil  the  law.  Nevertheless  Newton,  in 
enunciating  this  law  as  a  general  law  of  nature, 
supposed  that  if  the  effect  of  every  force  acting 
on  the  body  were  allowed  for,  it  would  be  found 
that  the  body's  departure  from  a  state  of  rest  or 
of  uniform  motion  in  a  straight  line  was  thereby 
accounted  for.  As  in  the  discussion  on  absolute 
rotation,  he  is  again  making  appeal  to  empty 
space, 

Ord.  Int.  Per.:  But  is  it  not  a  fact  that  the 
Newtonian  law  is  found  to  be  obeyed. 

Math.  Phys.:  Where? 

Ord.  Int.  Per.:  In  the  solar  system,  for  example. 

Math.  Phys.:  But  the  planets  do  not  move  in 
straight  lines  with  uniform  velocities. 
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Ord.  Int,  Per,:  No;  but  that  is  because  of  the 
force  of  gravitation. 

Math.  Phys.:  Exactly.  The  force  of  gravita- 
tion is  introduced  because  the  unconstrained 
motion  of  a  body  in  a  straight  line  with  uniform 
velocity  can  nowhere  be  observed.  Newton's  law 
really  amounts  to  the  statement  that  in  certain 
unobservable  conditions,  namely,  at  an  infinite 
distance  from  all  gravitating  masses,  a  system 
of  reference  could  be  found  consisting,  say,  of 
three  mutually  perpendicular  axes,  measured  from 
which  the  motion  of  a  body  thrown  into  space 
would  be  a  straight  line  described  with  uni- 
form velocity.  The  statement  cannot  be  put  to 
the  test. 

Phil.:  But  is  it  not  indirectly  tested  by  the 
results  of  astronomical  observation? 

Math.  Phys.:  What  is  found  by  observation  is 
this:  That  if  we  choose  a  set  of  axes  of  reference 
having  their  point  of  intersection  in  the  sun,  and 
if  we  assume  the  Newtonian  law  of  gravitation, 
the  calculated  paths  of  the  heavenly  bodies, 
assuming  the  Newtonian  laws  of  motion,  agree 
very  well,  in  nearly  all  cases,  with  the  observed 
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paths.  That  the  Newtonian  scheme  of  celestial 
dynamics,  taken  as  a  whole,  describes  the  ob- 
served phenomena  extremely  well  goes  without 
saying.  Otherwise  it  would  not  have  been  ac- 
cepted by  scientific  men  for  so  long,  and  we  should 
not  now  be  discussing  it.  But  I  am  discussing, 
at  the  moment,  Newton's  first  law  of  motion,  and 
pointing  out  that  it  refers  to  a  condition  of  things 
which  cannot  be  observed.  Newton's  scheme  as 
a  whole  gives  a  very  good  picture  of  experience, 
but  the  manner  in  which  the  scheme  is  built  up 
seems  to  us,  nowadays,  rather  odd.  In  order  to 
describe  the  observed  happenings  in  the  actual 
universe,  Newton  first  tells  us  what  would  go  on 
outside  the  universe.  In  order  to  make  this 
statement  relevant  he  then  has  to  introduce  an 
entity,  the  force  of  gravitation,  to  turn  motions 
natural  outside  the  universe  into  the  motions 
which  take  place  in  the  universe. 

Ord.  Int.  Per.:  You  do  not  mean  to  deny  that 
there  is  a  force  of  gravitation? 

Math.  Phys.:  I  mean  to  say  that  the  notion 
of  a  force  of  gravitation  is  made  inevitable  by 
accepting  Newton's  first   law  of  motion.     The 
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general  concept  of  "  force "  long  preceded,  of 
course,  the  Newtonian  theory.  It  is  a  generalisa- 
tion from  our  own  experience  of  muscular  effort. 
We  know  that  we  can  change  the  direction  of 
motion  of  a  body  by  hitting  it,  and  the  harder 
we  hit  it  and  the  less  heavy  the  body  the  more 
we  change  its  motion.  Newton's  concepts  were 
not  arbitrary.  They  were  the  crystallisation  of 
a  great  deal  of  experience.  It  was  probably 
inevitable  that  his  attempt  to  describe  nature 
should  be  in  terms  of  the  concepts  he  actually 
chose.  But  the  concepts  have  to  be  taken  en 
bloc.  We  believe  in  Newton's  force  of  gravita- 
tion because  the  observed  motions  of  the  planets, 
stones  thrown  into  the  air,  and  so  on,  are  never 
straight  lines  described  with  uniform  velocities, 
and  we  believe  in  his  first  law  of  motion  because 
the  universal  force  of  gravitation  explains  why 
the  motion  described  is  not  one  that  we  observe. 
I  merely  wish  to  point  out  that  direct  evidence 
of  the  truth  of  the  first  law  of  motion  is,  on  the 
Newtonian  theory  of  the  universe,  unobtainable, 
since  we  can  never  observe  a  body  under  the 
action  of  no  forces.     Judged  from  the  stand- 
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point  of  our  principle  of  introducing  none  but 
"observed"  factors,  this  method  of  building  up 
a  theory  is  undesirable. 

Phil.:  It  seems  to  me  that  in  your  remarks 
you  are  trying  to  pursue  two  trains  of  thought 
at  the  same  time.  You  are  suggesting  to  us  that 
the  Newtonian  entities,  space,  time,  force,  inertia, 
are  not  necessary  concepts  in  an  attempt  to  form 
a  scientific  picture  of  experience.  This  may  be 
quite  true.  I  understand  that  all  these  notions 
become  something  different  in  Einstein's  theory. 
But  you  cannot  make  it  an  objection  to  Newton's 
theory  that  his  concepts  all  hang  together.  Take, 
for  instance,  this  omnipresent  gravitational  force 
which  he  finds  in  the  universe.  It  is  weaker  in 
some  places  than  in  others,  and  the  motions  of 
bodies  not  otherwise  influenced  are  such  that  as 
the  gravitational  force  gets  weaker  they  approach 
more  and  more  nearly  to  straight  lines  described 
with  uniform  velocities.  This  happens  in  such  a 
way  that  if  there  were  no  gravitational  force,  the 
motions  would  be  exactly  straight  lines  described 
with  uniform  velocities.  Admitting  his  concept 
of  "  force,"  therefore,  it  is  quite  legitimate  for 
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him  to  take  a  limiting  case  —  the  absence  of  force 
—  even  if  it  can  never  be  observed. 

Math.  Phys.:  You  have  not  quite  seen  my 
point.  I  have  already  said  that  the  Newtonian 
scheme,  as  a  whole,  gives  a  good  picture  of  ex- 
perience. We  can,  in  practice,  find  a  ^et  of  axes 
whose  origin  is  in  the  sun,  or,  more  accurately, 
in  the  centre  of  gravity  of  the  solar  system, 
measured  from  which  Newton's  first  law  of  mo- 
tion, combined  with  other  dynamical  laws,  may 
be  said  to  account,  to  a  high  degree  of  approxi- 
mation, for  the  observed  motions  of  bodies.  I 
may  mention  that  the  set  of  axes  obtained  in 
this  way  are  not  ideally  correct,  but  they  are  the 
best  we  can  get  empirically.  But  my  real  ob- 
jection is  this:  Newton,  in  his  first  law,  tells  us 
what  would  happen  to  a  body  at  an  infinite 
distance  from  all  other  bodies.  In  doing  so  he 
ascribes  a  certain  absolute  property  to  this  body. 
The  property  in  virtue  of  which  a  body  remains 
at  rest  or  in  uniform  motion  when  acted  on  by 
no  forces  is  called  its  "inertia."  Newton's  law 
says  that  this  property  is  absolute.  It  is  in  no 
way  dependent  on  the  existence  of  other  bodies. 
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It  is  to  this  point  of  view  that  I  object.  The 
property  of  inertia  is  abstracted  from  the  observed 
behaviour  of  bodies,  and  such  behaviour  takes 
place  in  the  universe  as  it  is,  that  is,  in  the 
presence,  amongst  other  things,  of  the  fixed  stars. 
Just  as  I  see  no  reason  to  believe  that  we  know 
what  would  happen  to  a  rotating  earth  in  the 
absence  of  the  fixed  stars,  so,  in  the  same  circum- 
stances, I  do  not  know  what  would  become  of  a 
body's  inertia. 

Ord,  Int.  Per.:  Admitting,  then,  that  the  inertia 
of  a  body  may  depend  on  the  existence  of  other 
bodies,  Newton's  laws  do  describe  what  actually 
goes  on. 

Math.  Phys.:  Assuming  the  whole  apparatus 
of  forces  and  so  on  we  can  empirically  determine 
a  set  of  axes  of  reference  with  respect  to  which 
the  planets  and  other  bodies  very  nearly  describe 
the  motions  which  can  be  calculated  on  the 
Newtonian  scheme.  There  are  discrepancies,  of 
which  the  most  interesting  is  connected  with  the 
motion  of  Mercury. 

Ord.  Int.  Per.:  What  do  you  mean  by  axes  of 
reference? 
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Math.  Phys.:  In  order  to  determine  the  posi- 
tion of  an  event  in  space  and  in  time  we  require 
to  make  four  measurements,  three  of  space  and 
one  of  time.  To  make  the  time  measurement 
we  choose  a  clock  of  some  kind,  and  to  make  the 
space  measurements  we  choose  a  framework  con- 
sisting usually  of  three  rigid  arms  at  right  angles 
to  one  another  and  intersecting  in  a  point.  This 
point  is  called  the  origin.  The  floor  and  two 
adjacent  walls  of  this  room,  for  instance,  meet 
in  a  point,  a  corner  of  the  room.  I  can  specify 
the  position  of  any  object  in  this  room  by  giving 
its  perpendicular  distance  from  the  floor  and  its 
perpendicular  distances  from  the  two  adjacent 
walls.  I  must  make  three  independent  measure- 
ments to  determine  its  spatial  position.  This  is 
what  is  meant  when  we  say  that  space  has  three 
dimensions.  In  order  to  describe  the  motion  of 
anything,  I  have  to  give  the  positions  it  occupies 
at  every  instant.  I  measure  its  position  in  space 
by  its  distances  from  my  axes  of  reference,  and 
I  determine  the  moment  at  which  it  occupies 
that  position  by  my  clock.  It  is  now  usual  to 
take  the  whole  thing,  the  clock  used  and  the 
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spatial  axes,  and  call  it  the  system  of  refer- 
ence. 

Ord.  Int.  Per.:  Then  there  can  be  any  number 
of  systems  of  reference? 

Math.  Phys.:  Certainly.  It  is  interesting  to 
note  that  if  Newton's  laws  of  motion  hold  good 
in  some  system  of  reference,  they  will  hold  good 
in  any  system  which  is  moving  in  a  straight  line 
with  uniform  velocity  with  respect  to  the  first. 

Phil:  The  clocks  must  be  keeping  the  same 
time,  of  course. 

Math.  Phys.:  Yes,  and  the  standards  of  length 
must  remain  unchanged.  We  shall  see  later  what 
is  involved  in  that  assumption.  I  am  assuming 
at  the  moment  our  ordinary  Newtonian  view  of 
length  and  time.  The  Newtonian  relativity  I  am 
talking  about  is  something  that  can  be  deduced 
from  the  Newtonian  equations  of  motion.  Sup- 
pose we  have  a  system  of  reference  of  the  kind 
I  have  described,  consisting  of  three  spatial  axes 
and  a  clock,  and  that  we  make  measurements, 
from  this  system,  of  the  motion  of  a  body. 
Suppose  we  find  that  this  body,  measured  from 
our  system,  is  describing  a  straight  line  with  uni- 
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form  velocity.  Take  another  system  where  the 
clock  keeps  time  with  the  first  one,  and  let  the 
second  system  be  moving,  as  measured  from 
the  first  system,  with  uniform  velocity  in  a 
straight  line.  Then  the  motion  of  the  moving 
body,  referred  to  this  second  system,  will  again 
be  in  a  straight  line  and  described  with  uniform 
velocity.  A  man  standing  on  a  railway  platform, 
for  example,  may  see  an  aeroplane  flying  in  a 
straight  line  with  uniform  velocity.  A  passenger 
in  a  train  which  is  itself  travelling  in  a  straight 
line  with  uniform  velocity  with  respect  to  the 
man  on  the  platform  will  find  that  the  motion 
of  the  aeroplane,  with  respect  to  the  train,  is  in 
a  straight  line  with  uniform  velocity. 

Ord,  Int.  Per.:  But  it  will  not  be  the  same 
straight  line  and  the  same  velocity  as  the  one 
measured  by  the  man  on  the  platform. 

Math.  Phys.:  No.  To  the  man  in  the  train 
the  aeroplane  may  even  appear  at  rest,  if  he  is 
travelling  in  the  same  direction  with  the  same 
velocity.  The  first  law  says,  "rest  or  uniform 
motion  in  a  straight  line."  Both  cases  are  allowed 
for.    What  is  invariant  about  the  motion  of  such 
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a  body,  whichever  one  of  the  possible  number  of 
Newtonian  systems  it  is  referred  to,  is  not  its 
direction  or  magnitude.  What  is  true  for  every 
one  of  these  systems  is  that  the  motion  will  ap- 
pear to  be  in  a  straight  line  and  that  its  velocity 
will  be  uniform.  This  is  not  true  of  any  other 
system.  To  a  man  sitting  on  a  roundabout,  for 
instance,  the  aeroplane  will  not  appear  to  be 
describing  a  straight  line  with  uniform  velocity. 
Newton's  first  law  of  motion,  therefore,  holds 
only  for  a  certain  group  of  systems  of  reference. 
There  are  an  infinite  number  of  members  of  this 
group,  but  it  is  only  for  this  group  that  Newton's 
law  holds.  His  second  law  holds  good  for  the 
same  group  of  systems  of  reference,  and  gives  us 
a  magnitude  which  is  the  same  for  every  member 
of  the  group,  to  wit,  the  force  acting  on  a  body. 
Newton's  second  law  of  motion  states  that  the 
force  acting  on  a  body  is  equal  to  the  mass  of 
the  body  multiplied  by  its  acceleration. 

Phil.:  Is  this  law  to  be  taken  as  giving  a 
method  of  measuring  the  force  acting  on  a  body 
or  merely  as  a  definition  of  the  word  force? 

Math.  Phys.:  It  is  quite  certain,  I  believe, 
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that  Newton  took  "  force  "  to  be  a  concept  with 
which  every  one  was  famihar,  and  enunciated  this 
law  to  show  how  it  could  be  precisely  measured. 
The  mass  referred  to  is  what  is  called  the 
''  inertial  mass ''  of  a  body.  Both  concepts  are 
derived  from  our  own  sensations  of  effort.  We 
know  that  we  can  have  two  bodies  of  the  same 
size,  say  a  lump  of  lead  and  a  lump  of  cork,  and 
that  it  requires  a  greater  effort  to  push  one  than 
to  push  the  other.  We  say  that  a  greater  force 
is  required  in  the  one  case  than  in  the  other,  and 
we  say  that  the  body  which  is  harder  to  push 
has  a  greater  mass.  We  measure  force  by  the 
amount  of  motion  we  can  impart  to  a  given  mass 
in  a  given  time.  Before  we  can  measure  force 
precisely,  therefore,  we  must  be  able  to  measure 
mass  precisely. 

Ord.  Int.  Per,:  Cannot  you  do  that  by  weigh- 
ing the  body? 

Math.  Phys.:  At  the  present  stage  of  the 
argument,  certainly  not.  The  weight  of  a  body, 
according  to  Newton,  is  due  to  that  universal 
force  of  gravitation  he  discovered.  For  a  body 
weighed  on  the  surface  of  the  earth  its  gravita- 
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tional  mass  is  a  coefficient  of  attraction  between 
that  body  and  the  earth.  We  must  distinguish 
this  from  the  coefficient  of  inertia,  or  inertial 
mass,  which  is  a  measure  of  the  body's  resistance 
to  a  change  of  uniform  motion.  Suppose  I  have 
two  perfectly  elastic  bodies  moving  with  velocities 
Vi  and  V2  respectively,  and  I  wish  to  study  what 
happens  when  they  collide.  After  the  collision 
let  their  velocities  be  Ui  and  Uz  respectively. 
fi  will  not  in  general  be  equal  to  Ui  nor  V2  to  U2. 
Nor  will  Vj,  +  V2  be  equal  to  U1  +  U2.  But  I  find 
that  I  can  choose  two  coefficients,  m^  and  m2  such 
that  mi^i  +  7n2V2  =  niiUi  +  rriiUi.  Further,  when 
I  have  found  the  nix  for  the  first  body  and  the  rriz 
for  the  second  body  I  can  take  either  of  these 
and  make  it  collide  with  a  third  body.  I  shall 
find  the  same  m^  that  I  found  for  the  first  body 
and  the  same  mg  that  I  found  for  the  second 
body.  In  other  words,  I  deduce  the  same  co- 
efficient for  the  same  body  whatever  may  be  the 
coefficients  of  the  other  bodies  it  collides  with. 
I  call  this  coefficient  the  inertial  mass  of  the 
body.  Now  suppose  I  take  these  bodies  and 
perform   an   entirely   different   experiment.     In 
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accordance  with  Newton's  force  of  gravitation 
they  attract  one  another  and  the  attraction  varies 
with  the  gravitational  mass.  I  determine  co- 
efficients, characteristic  of  each  body,  as  I  did  in 
the  coUision  experiments.  I  call  these  Mi,  M2.. 
and  so  on.  What  reason  have  I  to  suppose  that 
these  will  be  the  same,  or  proportional  to  the 
TWi,  m,2,  and  so  on  that  I  determined  before? 

Ord.  Int.  Per.:  Can  you  make  your  point  clear 
without  using  equations? 

Math.  Phys.:  If  you  look  at  the  equations  again 
you  will  find  them  perfectly  easy  to  understand. 
However,  I  will  try  to  explain  myself  without 
using  them.  We  find  that  a  body  resists  en- 
deavours to  change  its  motion.  This  resistance 
varies  with  what  Newton  called  the  quantity__of 
matter  in  the  body  or,  as  we  say,  its  inertial  mass. 
Now  this  property,  according  to  Newton,  is  an 
absolute  property  of  the  body;  matter  happens 
to  be  that  kind  of  thing.  But  besides  this  a  body 
possesses,  according  to  Newton,  the  entirely  in- 
dependent property  of  attracting  every  other 
body  according  to  the  law  of  gravitation.  In  the 
enunciation   of  this  law  figures  a  property   of 
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the  body  called  its  gravitational  mass,  just  as  the 
electric  charge  figures  in  the  law  of  attraction 
between  two  electrically  charged  bodies.  Now 
what  I  want  to  emphasise  is  the  extraordinary 
fact  that,  whatever  substance  the  body  may  be 
made  of,  the  ratio  of  its  inertial  to  its  gravita- 
tional mass  is  precisely  the  same  as  for  a  body 
made  of  any  other  substance.  Newton's  theory 
provides  no  explanation  whatever  of  this  coin- 
cidence, and  yet  it  is  so  rigorously  true  and  so 
universal  that  it  must  have  a  profound  signifi- 
cance. As  a  matter  of  fact,  it  was  by  brooding 
on  what  this  significance  could  be  that  Einstein 
was  led  to  create  his  generalised  theory  of  rela- 
tivity; the  meaning  of  this  coincidence  had  es- 
caped every  other  thinker  up  to  his  time. 

Ord.  Int.  Per.:  What  is  the  proof  that  the 
inertial  mass  is  always  the  same  proportion  of 
the  gravitational  mass? 

Math.  Phys.:  Well,  one  simple  but  rather  rough 
proof  is  that  all  bodies  fall  towards  the  earth 
with  the  same  acceleration.  The  force  pulling 
them  is  proportional  to  their  gravitational  masses. 
Since  they  all  experience  the  same  acceleration 
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the  force  must  also  be  proportional  to  their  inertial 
masses.  Therefore  the  ratio  of  the  gravitational 
to  the  inertial  mass  must  be  the  same  for  every- 
body. This  holds  good  whatever  may  be  the 
chemical  or  physical  constitution  of  the  body. 
The  most  precise  measurements  made,  those  of 
Eotvos,  show  that  the  difference  between  the  two 
masses  cannot  be  greater  than  five  one  hundred 
millionths. 

Phil.:  Very  well.  Let  us  see  now,  where  we 
stand.  You  have  shown  us  that  there  is  no 
compelling  reason  to  believe  in  absolute  space  or 
in  absolute  time,  so  far  as  science  is  concerned. 
In  doing  this  you  have  insisted  throughout  on 
your  criterion  of  measurement.  You  ask:  How 
does  one  measure  time?  How  does  one  measure 
space?  I  might  point  out  that  you  are  not  really 
talking  about  space  and  time,  but  only  about 
operations  of  measurement. 

Math.  Phys.:  I  am  quite  prepared  to  accept 
that.  I  am  quite  prepared  to  say  that  in  talking 
about  space  and  time  I  am  talking  about  the 
behaviour  of  measuring  appliances.  But  that  is 
all  that  space  and  time  can  mean  for  science. 
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As  a  scientific  man  I  have  no  interest  in  a  space 
or  time  which  cannot  be  identified,  which  cannot 
be  distinguished  from  any  other  space  and  time. 
If  you  speak  of  a  moment  of  absolute  time  or  a 
point  of  absolute  space  I  do  not  understand  you 
until  you  tell  me  how  I  am  to  identify  that 
moment  or  that  point.  Space  and  time,  so  far 
as  I  can  see,  consist  of  relations  between  events; 
they  are  not  fundamental  somethings  within 
which  events  are  situated. 

Ord.  Int.  Per.:  I  confess  that  the  abstract 
notions  of  space  and  time  seem  to  me  to  be  — 
well,  rather  abstract.  Of  absolute  time  I  can 
really  form  no  conception  at  all.  I  cannot  see  at 
all,  for  instance,  why  two  swings  of  a  pendulum 
should  be  said  to  take  the  same  time  except  that 
to  say  so  makes  a  lot  of  other  things  simpler. 
But  it  seems  to  me  that,  in  the  matter  of  space, 
you  have  a  criterion.  I  understand  that  scientific 
men  assert  that  there  is  an  sether,  a  kind  of 
elastic  solid  that  fills  all  space,  and  that  it  can 
be  shown  that  this  aether  is  immovable.  It  seems 
to  me,  therefore,  that  the  points  of  this  sether 
always  remain  at  the  same  points  of  space.    Mo- 
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tion  with  respect  to  the  sether,  therefore,  would 
do  quite  well  as  a  specimen  of  absolute  motion. 

Math,  Phys.:  Quite  well,  as  you  say.  If  mo- 
tion with  respect  to  the  aether  could  be  demon- 
strated, scientific  men  would  be  quite  content  to 
waive  philosophic  objections,  and  to  call  it  a  case 
of  absolute  motion.  But  the  interesting  fact  is 
that  motion  with  respect  to  the  aether  cannot  be 
demonstrated,  and  the  implications  of  that  dis- 
covery bring  us  to  Einstein's  restricted  principle 
of  relativity,  which  will  be  discussed  in  our  next 
dialogue. 
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Math.  Phys.:  I  have  already  said  that,  on  the 
Newtonian  system,  there  is  no  way  of  distin- 
guishing, by  mechanical  phenomena,  between  two 
systems  which  are  in  uniform  motion  with  respect 
to  one  another.  There  is  no  measurable  dynami- 
cal quantity  which  depends  on  absolute  velocity. 
Acceleration,  on  the  Newtonian  system,  is  an  ab- 
solute quantity.  It  has  the  same  value  from 
whatever  system  it  be  measured,  provided  the 
only  difference  between  these  systems  is  that  they 
are  moving  with  respect  to  one  another  in  straight 
lines  with  uniform  velocities.  The  mass  of  a 
body  is  also,  on  the  Newtonian  system,  regarded 
as  independent  of  its  velocity.  The  product  of 
these  two  quantities,  therefore,  the  mass  of  a  body 
and  its  acceleration,  gives  us  a  quantity,  force, 
which  is  invariant  for  all  Newtonian  systems  of 
reference.    So  far  as  dynamical  experiments  are 
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concerned,  an  observer  cannot  tell  whether  he  is 
at  rest  or  moving  with  uniform  velocity  in  a 
straight  line.  The  distinction  is,  in  fact,  scien- 
tifically meaningless,  provided  we  are  limited  to 
dynamical  experiments.  That  is  a  simple  con- 
sequence of  Newton's  laws  of  motion.  If  New- 
ton's equations  ruled  the  whole  of  phenomena 
we  should  know  that  absolute  velocity  was  a 
meaningless  term. 

Ord.  Int.  Per.:  Are  you  now  referring  to  abso- 
lute space  or  to  the  aether? 

Math,  Phys.:  To  either  or  both. 

Phil:  But  Newton's  equations,  I  understand, 
do  not  cover  the  whole  of  physical  science? 

Math.  Phys.:  No.  Strenuous  efforts  have  been 
made  to  enable  them  to  do  so,  but  the  attempt 
has  had  to  be  given  up.  The  phenomena  of 
light  obey  a  set  of  equations  which  cannot  be 
reduced  to  those  of  Newton.  These  equations 
were  given  by  Maxwell.  Now  the  interesting 
fact  arises  that  these  equations  are  not  invariant 
when  referred  to  different  Newtonian  systems  of 
reference. 

Ord.  Int,  Per,:  That  is  very  interesting.  The 
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phenomena  of  light,  therefore,  would  be  different 
when  referred  to  two  systems  in  uniform  motion 
with  respect  to  one  another? 

Math.  Phys.:  It  would  seem  so  from  what  I 
have  said.  But  the  fact  is  that  systems  in  uni- 
form motion  with  respect  to  one  another  are  not 
connected  by  the  formulae  given  by  Newton.  Let 
us  choose  a  system  of  reference  and  denote  the 
three  space  measurements  and  the  time  measure- 
ment by  X,  y,  z,  and  t  respectively.  Let  us  take 
a  second  system  moving  with  a  uniform  velocity  v 
with  respect  to  the  first  system  in  the  direction 
of  the  X  axis.  Let  them  coincide  initially,  and 
let  the  clocks  in  both  systems  start  measuring 
from  zero  initially.  Then  Newton  says  that  the 
corresponding  space  and  time  measurements  in 
the  second  system,  which  we  will  call  a;',  y',  z', 
and  t',  are  connected  with  those  in  the  first 
system  by  the  equations  x'  ^=x-vt]  y'  ^y;  z'  = 
z]  t' =  t.  We  shall  see  that  this  statement  is 
untrue. 

Ord.  Int.  Per.:  I  see.  Then  you  mean  that 
Maxwell's  equations  do  hold  good  for  systems 
in  uniform  motion  with  respect  to  one  another, 
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but  that  they  do  not  transform  according  to 
Newton's  rules  because  those  rules  are  inaccu- 
rate? 

Math.  Phys.:  Precisely. 

Phil.:  Then,  in  that  case,  Newton's  laws  of 
motion  are  not  invariant  for  systems  moving  with 
uniform  velocity  with  respect  to  one  another? 

Math.  Phys.:  They  are  not.  When  we  have 
found  the  true  formulae  connecting  such  systems 
we  shall  find  that  we  have  to  replace  Newton's 
laws  by  others  in  order  that  the  laws  of  dynamics 
may  remain  invariable  for  such  systems. 

Phil:  Is  not  that  a  rather  arbitrary  proceed- 
ing? Are  you  prepared  to  alter  the  laws  of  nature 
because  you  are  determined  never  to  discover  a 
case  of  absolute  motion? 

•^Math.  Phys.:  Certainly  not.  You  will  find 
that  all  experiment  confirms  the  altered  laws.  I 
enunciate  principles,  but  only  because  they  are 
justified  by  experiment.  The  principle  I  am 
about  to  discuss  with  you  now  is  Einstein's  re- 
stricted principle  of  relativity  and  may  be  enun- 
ciated thus:  the  laws  of  physical  phenomena  are 
the  same  when  referred  to  any  one  of  a  group 
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of  systems  of  reference  which  are  moving  with 
respect  to  one  another  in  straight  lines  with 
uniform  velocities. 

Phil.:  This  is  an  extension  of  Newton's  prin- 
ciple of  relativity  to  all  phenomena. 

Math.  Phys.:  Exactly.  And  it  is  a  very  ex- 
traordinary extension,  as  you  will  see  if  you  reflect 
for  a  moment  on  the  phenomena  of  the  propaga- 
tion of  light.  Light  has  long  been  supposed,  ias 
you  know,  to  consist  in  wave  disturbances  in  a 
universal  medium  called  the  aether.  The  chief 
reasons  for  supposing  that  this  medium  exists  is 
that  light  takes  time  to  travel,  and  that  its 
velocity  is  independent  of  the  velocity  of  the 
source  that  emits  it.  In  these  respects  it  behaves 
like  the  waves  that  spread  out  when  a  stone  is 
thrown  into  a  pond.  The  velocity  of  the  waves 
does  not  depend  on  the  velocity  of  the  stone; 
it  depends  wholly  on  the  characteristics  of  the 
pond.  If  light  travelled  like  bullets  shot  out  of  a 
gun  its  speed  would  vary  with  the  speed  of  the 
source.  But  light  always  has  the  same  velocity. 
Now  let  us  imagine  the  aether  as  a  gigantic  pond 
through  which  the  earth  is  moving.    On  the  earth 
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I  fix  up  an  apparatus  consisting  of  two  equal  arms 
at  right  angles.  At  their  point  of  intersection  I 
have  a  source  of  light  and  at  each  of  their  ends 
is  a  mirror.  I  point  one  arm  in  the  direction  of 
the  earth's  motion  through  the  aether.  The  other 
arm  is,  of  course,  at  right  angles  to  it.  At  a 
given  moment  I  unveil  the  source  of  light.  A 
ray  passes  to  each  mirror  and  is  reflected  back 
again.  Will  each  ray  take  the  same  time  to  make 
the  double  journey? 

Ord.  Int.  Per.:  I  should  have  to  work  that  out. 

Math.  Phys.:  Well,  but  suppose  you  are  a 
swimmer  in  a  stream.  You  make  two  journeys. 
On  one  of  them  you  swim  as  far  up  stream  as  the 
stream  is  wide  and  then  you  swim  back  again. 
On  the  second  journey  you  swim  across  stream  to 
the  opposite  point  on  the  bank  and  back  again. 
Which  journey  takes  the  longer  time? 

Ord.  Int.  Per.:  I  should  say  it  would  take 
longer  to  swim  up  stream  and  down  again. 

Math.  Phys.:  You  are  perfectly  right.  I  need 
not  bother  to  work  it  out  for  you  now.  You 
should  do  it  for  yourself  some  time.  It  is  per- 
fectly simple.    Now  this  case  is  precisely  analo- 
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gous  to  the  earth  moving  through  the  aether. 
The  ray  of  light  is  our  swimmer,  and  it  is  evi- 
dently the  same  thing  whether  we  imagine  the 
earth  moving  through  the  aether,  or  the  aether 
flowing  past  the  earth.  Well,  this  experiment 
has  been  performed,  with  the  astounding  result 
that  there  is  no  difference  in  the  times  taken  by 
the  two  rays  of  light. 

Phil.:  I  find  your  description  of  this  experi- 
ment very  obscure.  You  enunciate  as  a  principle 
that  you  cannot  tell  uniform  motion  from  rest, 
and  then  you  tell  me  that  you  place  an  arm  of 
an  apparatus  in  the  direction  of  motion  of  the 
earth  through  the  aether. 

Math.  Phys.:  I  was  waiting  for  that  comment. 
It  is  perfectly  justified.  But  the  point  is  that 
if  there  is  an  immobile  aether  then  the  earth,  at 
some  period  of  the  year,  is  moving  with  respect 
to  it,  for  the  simple  reason  that  as  the  earth 
describes  an  orbit  round  the  sun  its  direction  of 
motion  turns  through  a  complete  circle  in  the 
course  of  the  year.  If,  therefore,  it  should  happen 
to  be  immobile  with  respect  to  the  aether  on  the 
first   of  January  it   certainly  cannot   be  so   on 
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the  first  of  July.  Now  this  famous  experiment, 
the  Michelson-Morley  experiment,  was  made  at 
all  seasons  of  the  year,  and  the  arms  rotated 
through  all  angles.  In  every  case  the  result  was 
null,  (it  proved  conclusively  that  relative  motion 
between  the  earth  and  the  aether  could  not  be 
detected.) 

Ord,  Int,  Per.:  But  surely  there  are  other  pos- 
sibilities. It  might  be,  for  instance,  that  the(8ether 
in  the  neighbourhood  of  the  earth  is  carried  along 
with  it  in  its  movement.] 

Math.  Phys.r'No:  That  hypothesis  has  been 
tried,  ^'he  astronomical  phenomenon  of  aberra- 
tion is  against  it.j 

Ord.  Int.  Per.:  Well,  perhaps,  after  all,  the 
velocity  of  light  is  influenced  by  the  motion  of 
its  source.  Perhaps  the  light  is  fired  out  quicker 
in  the  direction  of  the  earth's  motion. 
\/  Math.  Phys.:  No,  that  theory  will  not  do 
either.  I  can  tell  you  one  very  neat  argument 
against  it.  In  a  double  star,  as  you  know,  we 
practically  have  one  star  revolving  round  another, 
if  one  is  much  heavier  than  the  other.  Consider 
the  revolving  star.    If  the  velocity  of  light  varies 
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with  the  velocity  of  the  source  then  the  light  sent 
to  us  by  the  star  at  different  points  of  its  path 
will  have  different  velocities.  Even  if  the  dif- 
ferences in  velocity  are  small,  the  journey  to  the 
earth  takes  so  long  that  the  differences  in  the 
times  of  arrival  of  the  rays  will  be  appreciable. 
We*should  get  fast  rays,  sent  out  later,  arriving 
simultaneously  with  slower  rays,  sent  out  earlier. 
As  a  result  we  ought  tp  see  the  star  in  several 
positions  on  its  orbit  at  the  same  time.  Such  a 
phenomenon  has  never  been  observed. 

Phil.:  Well,  then,  how  do  you  explain  the 
Michelson-Morley  experiment?  It  appears  that 
you  must  assume  an  aether  for  your  science  of 
light,  and  yet  you  can  never  detect  your  motion 
with  respect  to  it. 

Math.  Phys.:  Well,  the  theory  put  forward  by 
two  very  able  scientific  men  was  that  .every  body 
contracts  in  the  direction  of  its  motion)  If  a 
certain  ratio  is  assumed  for  this  contraction  we 
can  make  the  up  and  down  journey  along  one 
arm  take  the  same  time  as  the  across  and  back 
journey  along  the  other.  This  contraction,  of 
course,  affects  all  bodies  in  exactly  the  same  way. 
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It  does  not  matter  what  materials  the  arms  are 
made  of. 

Ord.  Int.  Per.:  Why  should  this  contraction 
take  place? 

Math.  Phys.:  Nobody  knows. 

Ord.  Int.  Per.:  It  was  invented,  then,  simply 
to  explain  the  null  result  of  the  Michelson- 
Morley  experiment?  There  is  no  other  reason 
for  believing  in  it? 

Math.  Phys.:  Precisely.  The  assumed  con- 
traction can  be  shown  to  be  compatible  with  the 
electro-dynamic  equations,  but  no  physical  reason 
founded  on  the  interaction  between,  for  instance, 
electrons  and  the  aether,  can  be  given.  But  we 
shall  see  that  the  contraction  does  occur.  (It  is 
a  consequence,  however,  not  of  some  action  of 
the  aether,  but  of  our  way  of  measuring  space 
and  time.  We  must  remember  two  principles. 
One  is  that  phenomena  take  place  in  the  same 
way  whether  we  suppose  ourselves  to  be  in  a 
system  in  uniform  translatory  motion  or  at  rest. 
The  other  is  that  the  velocity  of  light  in  vacuo 
is  constant.  We  shall  begin  by  considering  what 
we  mean  by  simultaneity. 

[62] 


SPACE    AND    TIME    MEASUREMENTS 

Phil.:  I  should  like  first  to  point  out  that  the 
two  principles  you  have  just  enunciated  are  of 
very  different  kinds.  The  assumption  that  the 
velocity  of  light  in  vacuo  is  constant  is,  I  take  it, 
the  result  of  experiment.  Further  experiments 
could  conceivably  show  that  it  is  not  always 
constant.  You  do  not  regard  it  as  a  necessary 
preliminary,  in  your  attempt  to  give  coherence 
and  order  to  natural  phenomena,  to  assume  that 
the  velocity  of  light  must  be  constant. 

Math.  Phys.:  You  are  quite  right.  Later  on 
we  shall  give  up  the  assumption,  but  not  in  such 
a  way  as  to  invalidate  the  results  we  reach  by 
making  it.  We  may  consider  it  at  present  as  an 
extremely  well  attested  experimental  fact. 

Phil.:  Your  other  principle,  however,  which 
amounts  to  saying  that  rest  and  uniform  motion 
are  indistinguishable  is,  although  confirmed  by 
experiment  so  far  as  the  aether  is  concerned, 
primarily  the  enunciation  of  a  certain  form,  sl 
kind  of  framework,  within  which  natural  phe- 
nomena must  be  arranged  if  they  are  to  be  in- 
telligible to  you.  You  have  decided  that  rest  and 
uniform  motion,  except  in  their  relative  meanings, 
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are  not  terms  which  have  any  physical  signifi- 
cance. You  regard  them,  I  take  it,  as  concepts 
which  are  useless  or  misleading  if  used  to  build  up 
physical  science.  When  you  say  that  natural 
phenomena  do  not  enable  us  to  distinguish  be- 
tween systems  which  are  in  uniform  translatory 
motion  with  respect  to  one  another,  you  do  not 
mean  that  they  might  do  so,  but  as  an  ascertained 
fact  do  not;  you  mean  that  there  can  be  nothing 
in  nature  corresponding  to  a  distinction  you 
regard  as  meaningless. 

Math.  Phys.:  Yes,  that  is  more  or  less  what 
I  mean.  I  cannot  imagine,  for  instance,  that  the 
laws  of  a  natural  process  depend  on  whether  it  is 
taking  place  on  my  right  or  on  my  left,  in  front 
of  me  or  behind  me.  Laws  into  whose  enuncia- 
tion such  considerations  entered  would  obviously 
not  be  true  laws.  It  is  inconceivable  that  funda- 
mental laws  of  nature  depend  upon  the  observer 
to  that  extent.  And  I  put  the  difference  between 
uniformly  moving  systems  in  the  same  category. 
You  may  call  this,  if  you  like,  a  form  imposed 
upon  the  laws  of  nature  by  my  own  mind.  I 
admit  that  you  cannot  make  a  science  without 
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principles,  and  those  principles  must  express  the 
constitution  of  our  own  minds. 

Phil.:  But  if  you  make  it  a  principle  that  the 
laws  of  nature  shall  be  the  same  when  referred  to 
systems  in  uniform  translatory  motion  with  re- 
spect to  one  another,  why  do  you  not  go  further, 
and  say  that  these  laws  must  be  the  same  for  all 
systems  of  reference? 

Math.  Phys,:  That  is  just  what  I  propose  to 
do.  When  I  come  to  discuss  Einstein's  general- 
ised theory  of  relativity  you  will  find  that  we  are 
satisfied  only  with  those  laws  which  are  invariant 
for  all  systems  of  reference.  But  we  must  pro- 
ceed by  stages,  and  we  will  first  deal  with  the 
case  of  uniform  translatory  motion.  There  is  no 
logical  necessity  for  this,  but  it  is  psychologically 
desirable. 

Ord.  Int.  Per.:  You  were  going  to  begin  by 
discussing  the  notion  of  simultaneity,  were  you 
not? 

Math.  Phys.:  Yes.  And  here  we  must  remem- 
ber, in  accordance  with  what  I  have  said  before, 
that  no  notion  of  simultaneity  is  of  any  use  to 
us  which  cannot  be  defined  in  terms  of  physical 
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processes,  or  which  is  not  a  direct  perception.  I 
introduce  that  last  clause  because  I  am  going  to 
assume  that  the  simultaneity  of  two  events  in 
one's  close  neighbourhood  is  directly  perceived. 
If,  for  instance,  I  say  that  a  flash  of  light  in  my 
neighbourhood  occurred  at  a  moment  t,  I  mean 
that  the  hands  of  my  clock  coincided  with  cer- 
tain marks  on  the  dial,  indicating  the  time  t, 
simultaneously  with  the  occurrence  of  the  flash. 
Simultaneity  of  this  sort  I  do  not  propose  to 
define  further.  If  I  say,  for  instance,  that  the 
rays  of  light  from  the  clock  when  it  indicates  t, 
and  from  the  flash  of  light,  arrive  at  the  retina 
of  my  eye  at  the  same  time,  I  merely  transfer 
the  simultaneity  to  an  occurrence  at  the  retina 
of  my  eye.  I  shall  assume,  therefore,  that  you 
know  just  what  I  mean  by  simultaneity  in  this 
case.  But  when  we  deal  with  events  at  a  con- 
siderable distance  apart  a  definition  is  required. 
Suppose  I  have  an  observer  A  provided  with  a 
clock,  and,  at  some  distance  away,  another  ob- 
server B  also  provided  with  a  clock.  How  can  A 
know  that  an  event  occurs  in  his  neighbourhood 
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simultaneously  with  another  event  in  B's  neigh- 
bourhood? 

Ord.  Int.  Per,:  A  can  see  at  what  time  his  event 
occurs  and  compare  it  with  the  time,  marked 
by  5's  clock,  when  B^s  event  occurs.  If  these 
times  are  the  same  the  events  were  simultaneous, 
provided,  of  course,  that  the  clocks  are  keeping 
the  same  time. 

Math,  Phys,:  Precisely.  But  how  do  you  know 
that  the  clocks  are  keeping  the  same  time? 

Ord.  Int,  Per,:  Well,  the  clocks  may  have  been 
together  to  begin  with,  and  adjusted  to  keep  the 
same  time.  Then  B  takes  his  clock  with  him 
to  his  new  station. 

Math,  Phys.:  But  how  do  you  know  that  the 
movement  will  not  affect  the  rate  of  the  clock? 
As  a  matter  of  fact,  it  will  do  so,  unless  the 
clock  be  moved  infinitely  slowly.  In  that  case 
B  would  never  get  to  his  new  station.  To  get 
a  practical  definition  we  must  assume  that  A  and 
B  are  already  in  position  and  frame  a  rule  that 
they  can  apply.  The  obvious  method  is  to 
employ  light-signals.     When  A's  clock  marks  a 
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time  ^1,  let  him  flash  a  signal  to  B.  It  reaches 
B  when  B's  clock  marks  ^2.  B  immediately 
flashes  back  a  signal  to  A  which  reaches  him 
when  A's  clock  marks  ^3.  If  now  ^2 -t^  =  U-t2 
the  clocks  are  said  to  be  synchronised,  and  A  and 
B  assume  that  the  instant  ^  {t^-t^)  marked  by 
A's  clock  is  simultaneous  with  the  instant  tz 
marked  by  B's  clock. 

Phil,:  They  have  assumed  that  the  light  has 
taken  the  same  time  to  go  from  A  to  B  as  to  go 
from  B  to  A. 

Math.  Phys.:  Exactly.  They  must  do  so  to 
get  a  definition  of  simultaneity.  They  must 
assume  that  the  forward  velocity  of  light  along 
any  line  is  equal  to  its  backward  velocity. 

Ord.  Int.  Per.:  Is  there  any  experimental  evi- 
dence for  that  assumption? 

Math.  Phys.:  No.  All  experimental  methods 
determine  the  average  to  and  fro  velocity  of  light. 
But  the  assumption  conflicts  with  no  observa- 
tions, and  the  complications  introduced  by  not 
assuming  it  appear  entirely  gratuitous,  if  not 
unintelligible.  Now  let  us  assume  a  system,  say 
a  long  rod,  with  a  number  of  clocks  arranged 
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along  it.  Let  all  these  clocks  be  synchronised 
by  the  method  I  have  just  described.  Then  to 
an  observer  at  rest  on  this  rod  all  these  clocks 
are  marking  the  same  time.  Now  let  there  be  an- 
other rod,  parallel  with  the  first,  and  of  length  L 
We  assume,  to  begin  with,  that  these  rods  are 
at  rest  with  respect  to  one  another.  In  that 
case  the  length  I,  measured  by  an  observer  on 
the  second  rod,  would  agree  with  the  length 
measured  by  an  observer  on  the  first  rod,  who 
measured  the  distance  between  the  points  on  his 
own  rod  adjacent  to  the  beginning  and  end  of 
the  second  rod.  Also,  on  the  second  rod,  let  there 
be  two  clocks,  one  at  the  beginning  of  the  rod 
and  the  other  at  its  end.  Let  these  two  clocks 
agree  with  the  clocks  to  which  they  are  adjacent 
on  the  first  rod.  The  observers  on  both  rods 
agree  in  their  measurements  both  of  length  and 
of  time.  But  now  suppose  that  the  second  rod 
is  moving  along  the  first  rod  with  a  velocity  v 
with  respect  to  the  first  rod.  We  shall  imagine 
that  the  clocks  on  the  second  rod  are  so  arranged 
that  at  any  moment  they  mark  the  same  time  as 
the  clocks  adjacent  to  them  on  the  first  rod,  that 
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is,  the  clocks  on  the  second  rod  obey  the  time 
system  of  the  first  rod.  At  the  moment  when 
the  beginning  of  the  moving  rod  coincides  with 
the  beginning  of  the  first  rod  let  a  light  signal 
be  sent  out.  Now  we  shall  not  assume  that  the 
length  of  the  moving  rod,  measured  from  the 
stationary  system,  remains  L  Let  its  length 
measured  from  the  stationary  system  be  r.  Then, 
to  reach  the  end  of  the  moving  rod,  the  light, 
measured  from  the  stationary  rod,  takes  a  time 

,   where  c  is  the  velocity  of  light  —  the  same, 

c  -  V 

you  remember,  for  all  observers.  When  the  light 
reaches  the  end  of  the  moving  rod  let  it  be  imme- 
diately reflected  to  the  beginning  of  the  rod.    For 

this  journey  it  takes  a  time measured  from 

the  stationary  rod.  Whatever  r  may  be,  these 
two  times  are  not  equal.  To  observers  on  the 
moving  rod,  therefore,  the  light  takes  longer, 
according  to  the  clocks  they  have  been  provided 
with,  to  go  from  the  beginning  of  the  rod  to  the 
end  than  to  go  from  the  end  to  the  beginning. 
To  these  observers,  therefore,  the  clocks  are  not 

[70] 


SPACE    AND    TIME    MEASUREMENTS 

synchronised.  Since,  according  to  our  principle, 
they  have  every  right  to  say  that  they  are  sta- 
tionary and  that  the  other  system  is  moving, 
they  will  reject  the  time  system  indicated  by 
their  clocks  and  proceed  to  synchronise  them 
in  the  ordinary  way.  The  time  measurements 
adopted  by  observers  moving  with  uniform  trans- 
latory  motion  with  respect  to  one  another  are 
different. 

Ord.  Int.  Per.:  This  is  a  little  difficult  to  fol- 
low. In  your  formula  for  the  time  taken  by 
the  light  to  go  from  the  beginning  of  the  moving 
rod  to  the  end  you  make  the  velocity  of  the  light 
signal  c-v. 

Math.  Phys.:  Yes.  To  allow  for  the  velocity 
V  of  the  moving  rod.  The  light  is  travelling 
with  velocity  c  for  the  stationary  observers,  and 
the  moving  rod  is  travelling  with  velocity  v. 
The  light  overtakes  the  end  of  the  rod,  therefore, 
with  velocity  c-v. 

Ord.  Int.  Per.:  But  you  say  the  moving  ob- 
servers think  the  light  is  overtaking  the  end  of 
the  rod  with  velocity  c. 

Math.    Phys.:  Yes;    because    they    have    no 
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reason  to  suppose  that  the  end  of  their  rod  is 
running  away  from  the  light.  They  may  assume 
they  are  at  rest. 

Ord.  Int.  Per.:  But  surely  the  light  cannot  be 
overtaking  the  end  of  the  rod  at  two  different 
rates  at  one  and  the  same  time. 

Math.  Phys.:  Yes,  it  can.  The  observers  on 
the  moving  rod  can  measure  the  velocity  of  the 
light  signal  and  they  find  it  is  c.  Remember  our 
principle  :  The  velocity  of  light  is  the  same  when 
measured  by  observers  in  systems  which  are  in 
uniform  translatory  motion  with  respect  to  one 
another.  You  are  beginning  to  see  how  remark- 
able an  experiment  the  Michelson-Morley  ex- 
periment was.  But  I  have  already  suggested  the 
explanation  to  you.  I  have  pointed  out  that  the 
moving  observers,  in  order  to  synchronise  their 
clocks,  would  adopt  a  different  time  from  the 
stationary  observers.  They  would  also,  as  a 
matter  of  fact,  adopt  a  different  measure  of 
length,  as  you  can  see  quite  easily  if  you  reflect 
that  the  length  of  a  moving  rod  is  the  distance 
between  the  marks  on  a  stationary  scale  occupied 
by  the  beginning  and  end  of  the  rod  at  the  same 
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instant.  Since  what  is  simultaneous  for  the 
stationary  observer  is  not  simultaneous  in  the 
time  system  of  the  moving  observer,  it  follows 
that  their  measures  of  length  will  be  different. 
Now  the  velocity  of  light  is  —  a  velocity;  that 
is,  it  is  the  ratio  of  length  and  time.  Since  we 
have  seen  that  different  observers  have  different 
measurements  of  space  and  time  it  may  be  that 
these  differences  are  just  of  the  kind  to  give  the 
same  value  for  the  velocity  of  light,  although  the 
systems  are  moving  with  respect  to  one  another. 
As  a  matter  of  fact,  that  is  exactly  what  happens. 
If  X,  y,  z,  t,  are  the  space  and  time  co-ordinates 
used  by  one  observer,  and  x\  y\  z' ,  t' ,  are  the 
space  and  time  co-ordinates  used  by  an  observer 
travelling  with  a  uniform  velocity  v  with  respect 
to  the  first  observer,  then  the  condition  that  they 
both  find  the  same  velocity  for  light  enables  us 
to  deduce  the  equations  connecting  the  space  and 
time  measurements  of  one  observer  with  those  of 
the  other.  Let  the  velocity  v  be  in  the  direction 
of  the  X  measurements,  and  suppose  the  systems 
of  reference  initially  coincided.  Then  we  have 
the  following  relations  :  — 
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where  /3  = 


A'--9 


Now  these  equations  are  very  simple,  and  they 
are  full  of  extraordinary  and  important  informa- 

tion.     Notice  first  that  —  is  usually  a  very  small 

quantity,  for  the  velocity  of  one  system  with 
respect  to  another  is  very  rarely  anything  ap- 
proaching the  velocity  of  light.  In  fact,  it  is  only 
electrons  which  move  at  speeds  comparable  with 

that  of  light.    Since  —  is  usually  extremely  small 

712 
it  follows  that  1  — ;  is  usually  nearly  equal  to  1. 

It  follows  that  jS  is  usually  nearly  equal  to  1. 
Suppose  the  velocity  of  light,  instead  of  being  c, 
that    is,    300,000   kilometres   per    second,    were 

infinite.     Then  —  would  be  zero  and  fi  would 

be  1.    Also  —  would  be  zero,  so  that  the  expres- 

sion  for  V  would  reduce  to  V  =  t  The  time 
measurements    would    be    the    same.    Also,    x' 
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would  reduce  to  x'  =  x- vt.  Our  equations 
would  become,  therefore,  — 

x'  =  x-vt;  2/'  =  y;  z'  =  z;  V  =  t. 

If  you  compare  these  with  the  equations  I  gave 
you  before  you  will  see  that  these  are  the  equa- 
tions by  which  Newton  links  up  two  systems 
moving  in  uniform  translatory  motion  with  re- 
spect to  one  another.  Newton's  equations, 
therefore,  would  be  correct  if  the  velocity  of 
light  were  infinite.  As  things  are,  the  Newtonian 
equations  are  very  nearly  correct  for  all  ordinary 
relative  velocities.  The  fact,  therefore,  that  the 
Newtonian  equations  have  been  verified  by 
observation  to  a  very  high  degree  of  approxima- 
tion is  not  against  our  theory.  It  is  only  when 
very  high  velocities  occur  that  the  difference 
between  the  two  sets  of  equations  becomes  appre- 
ciable. I  may  mention  that  moving  electrons, 
when  the  velocity  is  very  high,  obey  Einstein's 
equations  and  not  Newton's.  Let  us  look  at 
our  equations  a  little  more  closely.  We  have 
assumed  that  the  x' ,  y',  z' ,  V  system  is  moving 
with  velocity  v  with  respect  to  the  x,  y,  z,  t  sys- 
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tern.  It  is  not  a  necessary  consequence,  a  priori, 
that  the  velocity  of  the  x  system  with  respect  to 
the  x'  system  is  -  v.  But  it  turns  out  that  this 
is  so.  If  we  solve  for  x  and  t  in  terms  of  x'  and  t' 
from  the  equations,  we  obtain  the  set: — 

x  =  p(x'-]-vn;  y  =  y';  z==z';  t  =  p(^t'  +  '^^ 

The  only  difference,  you  see,  is  that  the  v  has 
changed  sign,  indicating  that  the  velocity  must 
be  taken  in  the  opposite  direction  from  its  former 
one.  We  also  see  that  the  length  I  of  the  moving 
rod  is,   measured  from  the  stationary  system, 

equal  to  -.     That  is,  the  length  of  a  rod  in  uni- 

form  motion,  measured  from  the  system  with 
respect  to  which  it  is  moving,  is  contracted  in 

the  proportion  1 :        — . 

This  is  the  same  contraction  that  was  proposed 
by  Fitzgerald  and  Lorentz  to  explain  the  Michel- 
son-Morley  experiment. 

Phil.:  But  this  contraction  is,  it  appears,  a 
consequence  of  the  fact  that  different  observers 
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employ  different  space  and  time  measurements. 
Has  anything  really  happened  to  the  rod? 

Math.  Phys.:  No  more  than  anything  happens 
to  a  penny  when  from  one  point  of  view  it  is  a 
circle  and  from  another  point  of  view  is  an  ellipse. 
(Length  is  not  an  absolute  property  of  the  rod. 
It  is  a  relation  between  the  rod  and  an  observer. 
The  relation  differs  for  different  observers.  The 
distance  between  two  events  varies  with  different 
observers.  Similarly,  the  time  between  different 
events  varies  for  different  observers.  Suppose 
we  have  a  clock  at  rest  on  the  moving  system 
and  it  beats  out  a  time  T  seconds.  Then,  judged 
by  the  stationary  system,  a  time  0  T  seconds  has 
elapsed,  that  is,  something  more  than  T  seconds. 
Judged  from  the  stationary  system,  therefore, 
the  moving  clock  is  going  slow. 

Phil:  Let  us  see  at  what  point  of  the  argu- 
ment we  have  arrived.  Suppose  two  events  take 
place  —  say,  two  flashes  of  light.  I  will  call 
them  events  A  and  B.  To  me,  we  will  suppose, 
they  occur  at  different  places  and  at  different 
times.  I  judge  that  B  is  later  than  A.  Now 
you  tell  me  that  an  observer  could  be  imagined 
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to  whom  A  and  B  were  simultaneous  events,  or 
to  whom  A  was  later  than  B,  Further,  an  ob- 
server might  be  found  for  whom  A  and  B 
occurred  at  the  same  place  or  to  whom,  although 
A  and  B  remained  spatially  separated,  yet  their 
distance  apart  would  be  different  from  my 
measurement. 

Math.  Phys.:  Yes,  in  general  that  is  so. 

Phil:  Then  what  knowledge  have  you  of 
these  events  which  is  not  merely  relative  to  the 
observer?  How  can  a  science,  a  way  of  order- 
ing phenomena  independent  of  any  particular 
observer,  be  constructed? 

Math.  Phys.:  It  is  because  there  is  a  relation 
between  the  events  which  is  the  same  for  all 
observers.  In  the  first  place,  let  me  point  out 
that  every  observer  regards  the  events  of  nature 
as  forming  a  four-fold  order.  Each  observer 
makes  three  spatial  and  one  temporal  measure- 
ment for  each  event.  Four  quantities  have  to 
be  assigned  in  order  that  an  event  may  be  fully 
specified  in  the  space-time  frame  adopted,  what- 
ever that  space-time  frame  may  be.  Now  sup- 
pose that  in  some  frame  of  reference  we  have  an 
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event  whose  spatial  measurements  are  Xx,  y-i,  z^, 
and  whose  temporal  measurement  is  tx.  From 
the  same  frame  of  reference  let  the  measurements 
of  a  second  event  be  X2,  y^,  ^2,  ^2.  Now  form 
the  expression  — 

{x^-XxY  -\-  {y.-yxY  +  {z^-ZxY-c'iU-txY 
and  call  this  expression  s^.     If  U  =  tx,  that  is, 
if  the  events  occur  simultaneously  according  to 
the  time  measurement  of  this  system,  then  — 

s'  =-  {x,-XxY -\-  {y2-y^Y  +  {^2-Z^Y, 
and  this  is  the  expression  for  the  square  of  the 
distance  between  the  events.  In  this  case,  there- 
fore, s  is  the  distance  between  the  events.  But, 
in  general,  s  involves  both  distance  and  time.  It 
is  a  spatio-temporal  relation.  Now  let  the  meas- 
urements for  the  same  two  events  in  another 
system  of  reference  be  x\,  y\,  z\,  t\,  and 
x'2,  y\,  z\,  t\.  Form  the  corresponding  expres- 
sion:— 

{x'2  -  x\Y  +  {y\  -  y\y  +  {z',  -  z\Y  -  c\t\  -  t\Y  =  s'' 
You  will  find  that  s"  =  s.  The  spatio-temporal 
relation  represented  by  s  is  the  same  jor  all  ob- 
servers who  are  in  uniform  translatory  motion 
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mth  respect  to  one  another.  This  invariant 
quantity  is  called  the  interval.  It  is  more  funda- 
mental than  either  distance  or  time-lapse,  and  it 
is  a  combination  of  both.  In  order  to  simplify 
the  expression  and  to  make  it  more  convenient 
I  shall  assume  that  we  choose  our  units  of  space 
and  time  so  that  the  velocity  of  light  is  unity. 
If  we  choose  the  kilometre  as  our  unit  of  length, 
and  the  second  as  our  unit  of  time,  then  c,  the 
velocity  of  light,  is  300,000.  But  if,  instead  of 
the  second,  I  choose  as  my  unit  of  time  1/300,000 
of  a  second,  the  velocity  of  light  is  unity,  that  is, 
c  =  1.  Besides  doing  this,  I  shall  alter  the  sign 
of  s^.    Thus  we  get  the  formula  — 

(t2  -tiY-  (X2  -  XiY  -  (2/2  -ViY-  (Z2  -ZiY  =  s\ 
s^  will  now  usually  turn  out  to  be  a  positive 
quantity,  which  is  convenient.  In  order  to  illus- 
trate the  meaning  of  the  interval,  s,  we  may 
write  it  in  a  different  way.  Suppose  that  a 
particle  is  moving  with  velocity  v  with  respect 
to  some  system  of  reference.  Let  it  be  at  the 
point  Xi,  2/1,  2i  at  time  t^,  and  at  the  point  X2,  2/2, 
22  at  time  ^2.  Then  the  square  of  the  distance 
it  has  travelled  divided  by  the  square  of  the 
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time  it  has  taken  to  do  so  equals  the  square  of 
the  velocity,  that  is,  — 

(u  -  uy 

and  therefore 

{x,-x,y  +  {y,-y,y  +  {z,-z,y  =  v\u-uy. 

So  the  expression  for  s-  may  be  written  — 

(^2-^i)'(l-?;^)=s^  or  {u-U)^{l-v^)=s. 
If  the  velocity  of  the  particle  is  equal  to  the 
velocity  of  light,  that  is,  to  unity,  then  s  =  0. 
If  light  be  emitted  from  a  source  at  A  at  a  time 
tx,  and  strikes  an  object  at  5  at  a  time  ^2,  the 
interval  between  these  events  is  zero,  although, 
of  course,  neither  their  spatial  nor  time  separa- 
tions are  zero. 

Ord.  Int.  Per.:  Why  should  s  be  the  same  for 
all  observers? 

Math.  Phys.:  We  do  not  know.  We  can 
merely  say  that  the  world  happens  to  be  that 
kind  of  world.  The  fact  that  s  is  constant  for 
different  observers  is  an  experimental  fact.  We 
may  take  it  as  indicating  the  kind  of  four  dimen- 
sional geometry  that   must   be  applied  to  the 
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world.  Consider,  for  instance,  a  plane,  such  as 
the  surface  of  this  blackboard.  I  have  two  points 
on  it.  Each  point  requires  two  spatial  measure- 
ments to  specify  its  position.  For  the  first  point 
let  these  measurements  be  Xx,  y^,  and  for  the 
second  point  Xz,  2/2.  Now  the  distance  between 
these  two  points,  as  you  know  from  Euclid,  is  — 

^(x2-xxy  +  (2/2-2/1)'. 

If  I  have  a  point  in  space,  say  the  position  of 
the  tip  of  the  electric  light  bulb  in  this  room, 
I  must  give  three  spatial  measurements  to  deter- 
mine its  position.  Suppose  I  have  two  such 
points  and  let  their  measurements  be  Xi,  yi,  Zx 
and  Xz,  2/2,  ^2.  Then  the  distance  between  them 
is  given  by  — 

^ {x^-XxY  +  {y^-y^y  ^-  {z^-ZxY. 
You  see  that  this  expression  is  precisely  analo- 
gous to  the  one  for  two  dimensions.     In  a  four 
dimensional    space    the    distance    between    two 
points  would  be  — 

-^ {x._-xxy  -V  {y^-yxY  +  {Z2-Zxy  +  {U-UY 
when    t   represents    the    fourth    dimension.     If, 
now,  we  take  space  and  time  together  as  forming 
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a  four-dimensional  continuum,  it  might  be 
thought  that  the  above  expression  would  repre- 
sent something  important.  But,  as  it  happens, 
it  does  not.  To  get  an  important  quantity  the 
time  distance  and  the  space  distance  must  be 
given  opposite  signs.  This  is  an  experimental 
fact,  a  peculiarity  of  the  world  we  live  in.  The 
change  of  sign  means  that  the  four  dimensional 
continuum  that  each  observer  splits  up  into 
space  and  time  is  not  a  Euclidean  continuum. 
We  may  call  it  semi-Euclidean  or  hyperbolic. 

Phil.:  When  you  speak  of  a  four-dimensional 
continuum  are  you  not  referring  merely  to  a 
mathematical  device  for  treating  phenomena 
conveniently? 

Math.  Phys.:  No,  I  mean  more  than  that. 
The  world  is  really  four-dimensional.  It  is  our 
division  of  it  into  a  three-dimensional  space  and 
a  one-dimensional  time  which  is  arbitrary,  in 
the  sense  that  this  division  varies  for  each  ob- 
server. That  we  are  under  a  psychological 
necessity  to  split  up  nature  in  this  way  I  fully 
admit.  But  there  is  no  objective  counterpart  to 
this  division  that  we  make. 
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Phil:  You  must  agree,  then,  that  space  and 
time  are  subjective. 

Math.  Phys.:  Certainly.  The  one  jobjective 
something  that  we  have  discovered  so  far  is  the 
interval,  sl  spatio-temporal  relation  which  differ- 
ent observers  split  up  differently  into  space  and 
time  components. 

Phil.:  If  space  and  time  are  as  arbitrary  as 
you  suppose,  what  becomes  of  the  notion  of 
causality?  We  will  suppose  that  a  declaration 
of  war,  for  instance,  is  followed  by  a  battle.  I, 
as  an  observer,  see  that  the  battle  follows  the 
declaration.  Do  you  assert  that  there  could  be 
an  observer  to  whom  the  battle  preceded  the 
declaration? 

Math.  Phys.:  Not  at  all.  Space  and  time 
divisions  of  the  interval  between  two  events  are 
not  as  arbitrary  as  that.  We  shall  see  later  on 
that  the  velocity  of  light  is  a  critical  velocity, 
and  that  no  particle  of  matter  nor  any  form  of 
radiant  energy  can  have  a  velocity  greater  than 
that  of  light.  In  the  history  of  any  material 
particle  or  of,  say,  a  human  being,  there  is  an 
absolute  succession  of  events  —  an  absolute  past 
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and  an  absolute  future.  No  observer  could  make 
the  declaration  follow  the  battle  although,  if 
soldiers  could  move  with  velocities  greater  than 
that  of  light,  he  could  do  so.  A  man's  death  can- 
not precede  his  birth  for  any  conceivable  observer. 
If,  in  my  frame  of  reference,  an  event  at  P2  could 
be  reached  from  Pi  with  a  velocity  less  than  that 
of  light,  then  P2  is  in  the  future  of  Pi  for  every 
observer.  I  will  go  on  to  discuss  the  critical 
nature  of  the  velocity  of  light  in  our  next  dia- 
logue, but  before  doing  so  I  should  like  to  point 
out  an  interesting  consequence  of  the  equations 
we  have  arrived  at.  It  might  occur  to  you  that 
the  velocity  of  light  could  easily  be  exceeded  for 
some  observer.  For  suppose  I  have  a  particle 
moving  with  nine-tenths  of  the  velocity  of  light 
with  respect  to  an  observer  who  is  himself  moving 
in  the  same  direction  with  nine-tenths  of  the 
velocity  of  light  relative  to  a  second  observer. 
You  might  think  that  the  velocity  of  the  particle, 
relative  to  the  second  observer,  would  then  be 
greater  than  the  velocity  of  light.  But  the  equa- 
tions show  that  this  is  not  so.  The  space  and 
time  measurements  vary  in  such  a  way  that  no 
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succession  of  velocities  can  add  up  to  more  than 
the  velocity  of  light.  The  algebra  is  quite  simple. 
Let  the  velocity  of  the  particle  relative  to  the  first 
observer  be  u.  Then,  at  two  successive  instants, 
t\  and  t\,  the  particle  is  at  distances  x\  and  x\y 
where  — 

Let  this  observer  be  moving  with  velocity  v  with 
respect  to  the  second  observer.  Then,  from  our 
equations  for  the  relations  between  their  measure- 
ments the  distance  x\  -  x\^  expressed  in  the  meas- 
urements of  the  second  observer,  becomes  — 

This  quantity  is  equal  to  the  X2  -  Xi  of  the  second 
observer.  Similarly,  the  time  lapse  ^2  -  ti,  as 
measured  by  the  second  observer,  is  equal  to 

P{t\-t\)  +  P-^{x\-x\). 

Now  the  velocity  of  the  particle,  measured  by 
the  second  observer,  is  equal  to  the  distance  it 
has  described,  that  is,  X2  -  Xi,  divided  by  the  time 
it  has  taken  to  do  it,  that  is,  tz  -  ti.    But  — 
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If  we  divide  both  the  numerator  and  denominator 
of  this  expression  by  t'2  -  t\  we  get,  remembering 
that  — 


x\ 

-   f  1, 

» 

u  +  V 

Now  suppose  u  = 

•9c  and  also  v  = 

•9c.    Th: 

pression 

becomes 

l-8c 

~  1-81 " 

-t 

.   'Sic' 

1  + 


C2 

and  this  is  less  than  c.  Even  if  the  first  observer 
were  measuring  the  velocity  of  a  ray  of  light, 
which  is  c,  and  were  himself  moving  in  the  same 
direction  with  the  velocity  of  light  with  respect 
to  the  second  observer,  the  velocity  of  the  ray, 
measured  by  the  second  observer,  would  still  be  c. 
For  the  velocity  would  be,  from  our  formula 
c  +  c 


1  +  '- 
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This  formula,  as  you  see,  is  an  extraordinary  one. 
(On  Newton's  theory  velocities  are  merely  added 
together  and  their  sum  may  exceed  any  given 
quantity.  On  our  theory  velocities  are  not 
merely  additive,  and,  however  many  be  taken 
together,  their  sum  can  never  exceed  the  critical 
velocity  c. 
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Phil.:  Before  going  on  to  further  technical 
consequences  of  the  theory  you  are  expounding 
to  us,  I  should  like  to  know  precisely  what  this 
theory  professes  to  accomplish.  You  have  agreed 
with  me  that  science  is  a  method  of  ordering  the 
data  of  experience.  Newton  began  by  prescribing 
certain  fundamental  entities  in  terms  of  which 
phenomena  were  to  be  ordered.  You  have  de- 
scribed to  us  the  way  in  which  new  entities  have 
been  substituted  for  these.  Instead  of  distances 
between  points  of  absolute  space  and  moments  of 
absolute  time  we  have  a  spatio-temporal  relation 
called  the  interval.  Matter  also,  on  the  new 
theory,  is  not,  I  understand,  fundamental.  But 
besides  primary  entities  science  prescribes  certain 
formative  principles  in  obedience  to  which  its 
attempt  to  order  nature  proceeds.  For  instance, 
it  contemplates  all  happenings  from  the  point  of 
view  of  what  I  may  call  their  measurability.    The 
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aim  of  physics,  it  appears,  is  to  assign  four  num- 
bers, X,  y,  z,  t  to  every  event.  These  numbers  have 
no  "  absolute  ''  significance;  in  terms  of  them  ex- 
perience is  ordered  in  a  definite  but  arbitrary 
manner.  Everything  is  "  explained  "  or  described 
as  relations  between  numbers.  It  follows  that 
whatever  reality  or  absolute  you  arrive  at  is  con- 
ditioned by  your  method.  It  is  the  outcome  of 
your  principles  as  well  as  of  your  experience.  In 
arriving  at  the  "  interval/'  for  instance,  you  find 
that  space  and  time  are  not  essentially  distinct. 
So  far  as  they  enter  into  your  scheme  of  ordering 
experience  they  do  not  enter  as  distinct  entities. 
But  you  have  not  thereby  exhausted  the  content 
of  space  and  time,  as  they  exist  in  experience. 
You  are  concerned  with  a  part  only  of  the  total 
wealth  of  perceptions  which  constitute  what  we 
call  space  and  time.  If,  therefore,  you  find  that 
space  and  time  are  "merged  in  one''  you  have 
shown  only  that  a  distinction  between  them  is 
unnecessary  for  the  ordering  of  phenomena  in 
accordance  with  the  formative  principles  you  have 
adopted.  It  is  conceivable  that  other  formative 
principles  would  lead  to  a  description  of  nature 
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where  the  distinction  was  preserved,  and  where 
the  space  and  time  discussed  consisted  of  a  differ- 
ent group  of  perceptions. 

Math.  Phys.:  I  think  that  is  quite  true.  When 
I  speak  of  an  "  absolute  "  or  of  "  reality  "  I  mean 
something  that  remains  the  same  for  all  observers 
who  are  trying  to  order  experience  in  the  same 
way  as  myself.  The  formative  principles  adopted 
in  science  are  not  the  only  principles  open  to  man. 
It  is  true  that  every  way  of  ordering  experience  is 
a  limited  way,  and,  in  this  sense,  every  reality 
that  is  reached  is  a  relative  reality.  This  applies 
as  much  to  the  mystic  as  to  the  man  of  science. 
It  may  be  that  the  function  of  philosophy  is  to 
reach  a  reality  which  is  the  same  for  all  modes  of 
ordering  experience.  I  cannot  conceive  what  it 
could  be,  and  I  am  not  sure  that  such  an  aim  is 
intelligible. 

Phil:  I  do  not  think  it  is  intelligible.  An 
ultimate  reality,  in  that  sense,  is  not  even,  I 
believe,  a  will-of-the-wisp. 

Ord.  Int.  Per.:  Let  us  return,  then,  to  the 
consideration  of  the  reality  that  science  has 
reached  so  far. 

[91] 


THREE    MEN    DISCUSS    RELATIVITY 

Math.  Phys.:  I  must  first  remind  you  that  the 
object  of  science  is  to  unify  phenomena.  It  is 
true  that  there  are  still  men  of  science,  dominated 
by  the  Victorian  tradition,  who  think  the  aim  of 
science  is  to  give  a  mechanistic  explanation  of 
phenomena.  But  the  actual  history  of  recent 
scientific  development  shows  that  this  is  not  the 
case.  The  object  of  science  is  to  include  all 
phenomena  within  a  scheme  which  makes  a  mini- 
mum number  of  assumptions.  It  is  not  bound  to 
seek  for  an  explanation  in  terms  of  the  properties 
of  matter  any  more  than  it  is  bound  —  as  it  was 
at  one  time  supposed  to  be  —  to  seek  for  an  ex- 
planation in  terms  of  the  attributes  of  God.  You 
will  find  that  the  theory  of  relativity  takes  us 
into  a  region  where  the  fundamental  concepts  are 
quite  different  from  those  of  inertia,  rigidity,  and 
the  like.  We  have  already  arrived  at  the  interval 
relation,  and  we  shall  see  later  that,  in  a  more 
general  form,  this  is  a  fundamental  concept  of 
the  new  theory,  a  concept  from  which  the  other 
concepts  in  physics  may  be  derived. 

Ord.  Int.  Per.:  Is  the  interval  the  only  meas- 
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urable  quantity  which  remains  the  same  for  all 
observers? 

Math.  Phys.:  By  no  means.  An  electric 
charge,  for  instance,  has  the  same  numerical 
value  for  all  observers.  But  some  other  quanti- 
ties, as  volume,  mass,  density,  and  even  tempera- 
ture, are  given  different  values  by  different 
observers.  That  a  volume  has  different  values 
for  different  observers  is  obvious  since,  referred 
to  an  observer  for  whom  it  is  in  motion,  it  con- 
tracts in  the  direction  of  its  motion  while  its 
other  dimensions  remain  unchanged.  But  the 
mass  of  a  body  also  varies  with  the  observer.  In 
the  experiment  with  the  colliding  billiard  balls 
that  I  described  to  you  in  our  first  dialogue  the 
values  of  the  masses  found  by  one  observer  will 
not  be  the  same  as  those  found  by  an  observer 
moving  relatively  to  the  first.  If  we  call  m  the 
mass  of  a  body  as  measured  by  an  observer  at 
rest  with  respect  to  it,  then  its  mass  M  as  meas- 
ured by  an  observer  for  whom  it  moves  with 
velocity  v,  is  — 

,^_        m 
~V(1  -v^) 

[93] 


THREE    MEN    DISCUSS    RELATIVITY 

taking  units  such  that  the  velocity  of  light  is 
unity.     If  V  is  small  we  may  put  approximately 

=  1  +  -  2J2^  so  that  M  becomes  w  +  -  mv^. 


The  term    -mv^  is  the  usual  expression  for  the 

energy  of  motion  of  the  body.  Its  mass,  in  our 
units,  is  increased  by  this  amount.  This  sug- 
gests that  energy  and  mass  are  convertible  terms. 
They  are  two  ways  of  measuring  the  same  prop- 
erty of  the  body.  We  may  suppose  that  m, 
the  mass  at  rest,  represents  the  concealed  energy 
resident  in  the  body.  This  energy  is  enormous. 
In  ordinary  units  it  is  mc^  where  m  is  the  mass 
of  the  body,  and  c  the  velocity  of  light.  The 
energy  associated  with  one  gram  of  matter  is 
9  X  10-'^  ergs. 

Fhil.:  Since  the  mass  of  a  body  varies  with 
its  velocity,  what  becomes  of  the  law  of  the  con- 
servation of  mass? 

Math.  Phys.:  It  is  merged  into  the  more 
general  law  which  asserts  the  conservation  of 
mass  and  of  energy.  If  a  body  be  heated  its 
energy  is  increased.     Therefore,  on  our  present 
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theory,  its  mass  is  increased.  But  there  is  here 
no  violation  of  the  law  of  conservation,  since  the 
radiant  heat  energy  which  has  been  communi- 
cated to  the  body  has  mass,  and  it  is  this  mass 
which  accounts  for  the  increase  in  mass  of  the 
body.  Similarly,  if  a  body  radiates  energy  it 
loses  mass,  but  the  mass  is  carried  away  by  the 
radiant  energy. 

Phil:  A  body  which  is  radiating  energy,  there- 
fore, has  no  very  precisely  defined  boundaries. 
Part  of  its  mass,  at  a  given  moment,  exists  in 
the  space  around  it,  so  that  the  body  must  be 
regarded  as  more  or  less  diffused  through  the 
surrounding  space. 

Math.  Phys.:  That  is  quite  true.  But  the 
constitution  of  matter  may  quite  justly  be  called 
atomistic.  Although  matter,  in  the  form  of 
radiant  energy,  pervades  the  whole  universe,  it 
is  yet  true  that  incomparably  the  greater  amount 
of  matter  is  concentrated  within  very  small 
volumes.  Why  matter  should  assume  this  form 
we  do  not  know.  At  present  we  cannot  give  any 
reason  why  electrons  should  exist. 

Ord.  Int.  Per.:  If  the  mass  of  a  body  increases 
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with  its  velocity,  why  is  it  that  the  mass  of  a 
body  has  always  been  taken  to  be  an  invariant 
quantity? 

Math.  Phys.:  The  answer  is  obvious  from  the 
equation  — 

M  = 


V(l  -V') 

All  values  of  v,  that  is,  all  velocities  known  until 
quite  recent  years,  are  very  small  in  comparison 
with  the  velocity  of  light,  and  consequently 
1  - 1>^  is  very  nearly  unity,  and  so  M  very  nearly 
equals  m.  The  only  bodies  which  permit  us  to 
test  this  equation  are  the  particles  shot  out  by 
radium.  These  bodies  attain  velocities  very 
nearly  equal  to  that  of  light.  Their  increase  in 
mass  can  be  measured,  and  is  found  to  be  what 
our  formula  predicts.  You  will  notice  that  if 
v=l,  M  is  infinite.  That  is,  a  body  moving 
with  the  speed  of  light  has  an  infinite  mass. 
This  can  only  mean,  once  more,  that  the  velocity 
of  light  is  a  critical  velocity;  velocities  greater 
than  that  of  light  cannot  occur  in  nature.  Since 
the  dimensions  of  a  body  in  the  direction  of  its 
motion  contract  in  the  same  ratio  as  its  mass 
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increases,  we  see  that  what  we  mean  by  a  ma- 
terial body  would  become  something  quite  differ- 
ent at  the  speed  of  light.  It  would  become  an 
infinitely  heavy,  infinitely  thin  sheet. 

Phil:  You  take  your  equations  very  seriously. 

Math,  Phys.:  Well,  of  course,  I  do  not  know 
what  would  really  happen  to  a  body  moving  at 
the  speed  of  light.  What  I  have  said  is  merely 
another^way  of  saying  that  such  a  velocity,  for 
matter,  cannot  occur  in  nature.  The  equations 
have  been  confirmed  so  far  as  we  have  tested 
them. 

Ord.  Int.  Per.:  So  that  the  Newtonian  dynam- 
ical equations  have  been  experimentally  dis- 
proved? 

Math.  Phys.:  Yes.  But  the  Newtonian  equa- 
tions were  not  revised  in  order  to  agree  with  the 
experiments  on  swiftly  moving  bodies.  That 
came  later.  They  were  revised  in  order  to  fit 
our  principle  of  relativity,  namely,  that  the  same 
laws  of  nature  must  be  obtained  by  observers  in 
uniform  translatory  motion  with  respect  to  one 
another.  The  Newtonian  equations  do  not  obey 
this    criterion.     Accordingly    we    modify    them 
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until  they  do.  We  then  find  that  experiment 
confirms  the  new  equations.  We  assume  that 
Newton's  laws  cannot  be  the  true  laws  of  nature 
since  if  they  are  true  for  one  member  of  our 
group  of  observers  they  will  not  be  true  for  the 
other  members.  We  impose  it  as  a  principle  that 
the  true  laws  of  nature  must  be  the  same  for  all 
these  observers. 

Ord.  Int.  Per.:  But  you  have  already  said  that 
different  observers  do  not  find  the  same  values 
for  different  physical  quantities,  such  as  tem- 
perature, volume,  mass,  and  so  on. 

Math.  Phys.:  I  must  explain  myself  further. 
Actual  measured  quantities  may  be  different  for 
different  observers,  but  the  relations  between 
these  quantities  must  be  the  same.  Suppose,  for 
example,  that  one  observer  measures,  at  a  certain 
point,  a  quantity  he  calls  magnetic  force,  and 
another  quantity  he  calls  electric  force.  He  finds 
that  there  is  a  relation  between  them.  He  finds, 
we  will  suppose,  that  he  can  give  precise  mathe- 
matical expression  to  the  way  in  which  the  time- 
rate  of  change  of  one  of  these  quantities  is  con- 
nected with  the  space-rate  of  change  of  the  other. 
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A  second  observer  can  also  identify,  at  that  point, 
a  quantity  he  calls  electric  force  and  a  quantity 
he  calls  magnetic  force.  Now  he  may  not  give 
these  quantities  the  same  numerical  values  as 
the  first  observer  assigned  to  them.  But  what 
our  principle  asserts  is  that  he  will  find  the  same 
jorm  for  the  equation  connecting  the  time-rate 
of  change  of  one  with  the  space-rate  of  change 
of  the  other  as  was  found  by  the  first  observer. 
Unless  he  does  this  we  say  that  one  or  both  of 
the  observers  has  not  found  the  true  form  of 
the  law  connecting  the  changes  in  these  quanti- 
ties. Our  principle  serves  as  a  criterion  for  the 
laws  of  nature.  Newton's  dynamical  laws  do 
not  obey  it.  Maxwell's  electro-djmamic  laws, 
on  the  other  hand,  do  obey  it.  It  is  the  jormi 
of  the  laws  of  nature  which  is  the  invariant  for 
which  we  seek,  on  our  new  theory.  And  in 
order  to  obtain  these  invariants  we  often  have  to 
make  variable  physical  quantities  which  were 
formerly  regarded  as  constant.  To  get  an  in- 
variable form  for  the  laws  of  dynamics,  for 
example,  we  have  to  make  mass  variable. 
Phil.:  It  is  interesting  to  know  that  your  prin- 
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ciple  leads  you  to  the  successful  formulation  of 
laws  of  nature  which  obey  it.  But  why  should 
you  adopt  the  principle?  Why  should  you  sup- 
pose that  laws  of  nature  must  be  expressible  in  a 
form  which  is  invariant  for  uniform  translatory 
motion  of  the  system  of  reference? 

Math.  Phys.:  The  supposition  springs  from 
the  impossibility  of  accepting  the  alternative. 
For  supposing  there  is  a  privileged  system  of 
reference  for  which  the  laws  of  nature  assume 
their  simplest  form,  how  are  we  to  identify  it? 
We  have  seen  that  the  perfect  Newtonian  frame 
cannot  be  found.  The  aether,  also,  continually 
eludes  us.  Surely  it  is  reasonable  to  suppose 
that  the  reason  the  privileged  frame  cannot  be 
discovered  is  because  it  does  not  exist.  In  that 
case  all  systems  of  reference  are  equally  valid, 
iand  the  true  laws  of  nature  must  have  the  same 
form  for  all  these  systems. 

Phil:  But,  in  that  case,  why  should  you  be 
content  with  a  partial  emancipation?  Why  de- 
mand laws  which  are  invariant  only  for  systems 
in  uniform  translatory  motion  with  respect  to 
one  another?    Why  not  insist  that  the  true  laws 
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of  nature  are  those  that  are  invariant  for  systems 
of  reference  having  any  kind  of  motion  whatever? 
Math.  Phys.:  You  will  see  that  that  is  precisely 
what  we  shall  do.  That  is  precisely  the  distinc- 
tion between  the  generahsed  theory  of  relativity 
and  the  restricted  principle  I  have  been  expound- 
ing to  you.  In  fact,  we  claim  that  any  system 
of  reference  is  as  good  as  any  other.  Our  scales 
and  clocks  may  be  of  any  kind  you  please,  they 
may  be  varying  in  any  way  you  like,  and  yet 
they  will  constitute  a  frame  of  reference  as  good 
as  any  other.  But  before  we  come  to  that  there 
are  a  number  of  other  things  to  be  discussed. 
I  will  endeavour  to  present  the  results  of  our 
discussion  to  you  in  a  somewhat  different  way 
which  will  make  easier  the  extension  to  the  gen- 
eralised theory.  To  make  the  formulae  more 
compact  I  shall  call  the  four  measurements  be- 
tween two  events  dx,  dy,  dz,  dt.  The  interval 
between  these  events  I  shall  call  ds.  Then, 
using  ordinary  units,  the  formula  for  the  interval 
may  be  written  ds^  =  c^dt^  -  dx^  -  dy^  -  dz^.  Now 
what  we  have  asserted  is  that  two  observers,  in 
uniform  translatory  motion  with  respect  to  one 
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another,  will  adopt  such  space  and  time  measure- 
ments as  to  obtain  the  same  value  for  ds  between 
the  same  pair  of  events.  The  value  of  the  inter- 
val, ds,  is  invariant.  As  I  have  said,  this  formula 
is  analogous  to  the  formula  expressing  the  dis- 
tance between  two  points  in  a  three-dimensional 
Euclidean  space,  or  a  four-dimensional  or  two- 
dunensional  space.  For  three  dimensions  the 
space  between  two  points  would  be  given  by 
ds^  =  dx^  +  dy^  +  dz^.  Now  it  is  important  to 
notice  that  from  the  formula  for  the  distance 
between  two  points  in  space  the  whole  geometry 
of  that  kind  of  space  can  be  deduced.  For  in- 
stance, if  the  above  formula  is  the  formula  for 
the  distance  between  two  points  then  we  know 
that  the  space  we  are  dealing  with  is  a  Euclidean 
space  of  three  dimensions.  If  the  formula  were 
ds^  =  dx^  +  dy^  we  should  be  dealing  with  a  plane 
surface,  or  with  any  surface  which  can  be  obtained 
from  a  plane  surface  (for  instance,  a  cylinder) 
without  distorting  it.  On  the  surface  of  a  sphere, 
on  the  other  hand,  the  distance  between  two 
points  would  not  be  expressed  by  a  formula  of 
the  form  ds^  =  dx^  +  dy^.  The  geometry  of  a 
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spherical  surface  is  intrinsically  different  from 
the  geometry  of  a  plane  surface. 

Ord.  Int.  Per.:  But  must  the  formula  for  the 
distance  between  two  points  on  a  plane  surface 
always  be  of  the  form  ds^  =  dx^  +  dy^? 

Math.  Phys.:  Certainly  not.  Instead  of  tak- 
ing as  your  axes  of  reference  two  lines  at  right 
angles  to  one  another  and  measuring  dx  along 
one  line  and  dy  along  the  other,  you  could  have 
straight  lines  at  any  angle,  or  you  could  have  a 
series  of  circles  and  radii,  or  you  could  have  any 
curved  lines  for  your  axes  of  reference.  The 
formulae  for  ds  would  look  very  different  in  these 
different  cases.  But  these  differences  would  be 
due  to  the  peculiar  nature  of  the  axes  of  reference 
you  adopted.  The  intrinsic  geometry  of  the 
surface  would  be  the  same.  The  point  is,  that 
on  a  plane  surface  axes  of  reference  can  always 
be  found  for  which  the  formula  for  ds  assumes 
the  form  ds^  =  dx^  +  dy^,  whilst  on  a  spherical 
surface  no  axes  of  reference  can  be  found  for 
which  ds^  assumes  that  form. 

Phil:  Then  all  the  systems  of  reference  that 
serve  for  a  plane  must  have  something  in  common. 
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Math.  Phys.:  Yes.  All  the  systems  of  refer- 
ence, or  systems  of  co-ordinates  as  they  are  usually 
called  in  geometry,  which  serve  for  a  given  type 
of  surface,  have  something  in  common.  Gauss 
succeeded  in  giving  this  something  in  common 
precise  mathematical  expression,  but  the  expres- 
sion is  rather  complicated.  Now  let  us  return 
to  our  formula  for  the  interval  ds^  =  c^dt^  -  dx^ 
-  dy^  -  dz^.  From  what  we  have  just  said  we  see 
that  this  will  determine  the  geometry  of  the  four- 
dimensional  world.  We  might  have  begun  with 
this.  We  might  have  begun  by  saying  that  the 
space-time  world  has  a  geometry  of  a  certain  type, 
a  type  expressed  by  the  above  formula.  We  assert 
that  there  is  a  quantity,  the  interval,  defined 
above,  which  is  the  same  for  all  observers.  We 
might  then  ask,  what  is  the  relation  between  the 
X,  y,  z,  t  of  one  observer  and  the  x',  y',  z' ,  V  of 
a  second  observer,  supposing  them  to  get  the 
above  formula  for  ds?  This  is  a  purely  mathe- 
matical problem,  and  you  would  find  the  answer 
in  the  equations  x'  =  ^(x-vt)  and  so  on,  that  I 
have  already  given  you.  We  should  then  find 
that  the  constant  quantity  v  would  be  interpreted 
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as  the  relative  velocity  of  the  two  observers. 
We  still  do  not  know  what  c  is.    Hitherto  it  is 
merely  a  constant  in  our  formula  for  ds.    But  we 
should  find  that  c  plays  the  part  of  a  critical 
velocity,  that  is  to  say,  that  in  a  world  whose 
geometry  is  given  by  the  above  formula  for  ds, 
the  combination  of  any  number  of  velocities  can- 
not exceed  c.    We  have  said  nothing  so  far  about 
the  velocity  of  light.    It  is  as  a  result  of  expen- 
ment  that  we  identify  the  velocity  of  light  with 
the  critical  velocity  c.     It  is  experiment  which 
enables  us  to  say  that  the  value  of  c  is,  in  fact, 
300,000  kilometres  per  second.    The  velocity  of 
light  seems  to  have  just  the  properties  required 
of  the  c  in  our  formula. 

Phil:  So  that  if  a  new  ray  were  discovered 
with  a  velocity  greater  than  that  of  light  you 
would  no  longer  identify  your  critical  velocity 
with  the  velocity  of  light? 

Math.  Phys.:  No.  That  there  is  a  critical 
velocity  is  a  result  of  the  formula  we  have  adopted 
(provisionally)  expressing  the  geometry  of  the 
four-fold  order  of  events  in  nature.  It  is  an 
indication  that  we  are  on  the  right  track  that  an 
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entity,  the  velocity  of  light,  has  been  found  which 
plays  the  role  of  the  critical  velocity. 

Ord,  Int.  Per.:  Is  it  at  all  likely  that  the  criti- 
cal velocity  might,  nevertheless,  be  different  from 
the  velocity  of  light? 

Math.  Phys.:  A  recent  repetition  of  Fizeau's 
experiment  on  the  velocity  of  light  in  moving 
water  shows  that  it  combines  with  the  velocity  of 
the  water  just  as  if  it  were  the  critical  velocity. 
The  experiment  shows  that  it  cannot  differ  from 
the  critical  velocity  by  more  than  1  part  in  500. 
As  I  have  said,  matter,  referred  to  any  one  of 
our  systems  of  reference,  cannot  have  a  velocity 
greater  than  the  critical  velocity  c.  In  the  expres- 
sion for  the  interval  ds"  =  c^dt^  -  dx^  -  dy^  -  dz^,  if 

we  divide  both  sides  by  dt^  we  get  (  -^  j  =  c^  -v^ 

when  V  is  the  velocity  of  whatever  is  describing 
the  interval.  If  v  is  less  than  c,  ds^  is  positive, 
but  if  V  is  greater  than  c,  ds^  is  negative,  and  the 
value  of  ds  is  imaginary.  Intervals  of  the  first 
kind  are  called  time-like,  and  intervals  of  the 
second  kind  space-like.  If  v  equals  c,  ds  =  0,  and 
this  is,  as  you  know,  characteristic  of  hght.  The 
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points  and  moments  for  which  ds  is  zero  are 
given  by  the  equation  0  =  c^dt^  -  dx^  -  dy^  -  dz^. 
This  is  the  equation  to  a  four-dimensional  cone 
called  the  null-cone.  The  path  of  a  ray  of  light 
lies  on  this  cone.  The  advantage  of  this  way  of 
talking  is  that  it  enables  us  to  give  a  graphical 
representation  to  the  three-fold  division  of  pairs 
of  events  that  I  have  already  mentioned,  namely, 
if  I  take  an  event  P,  then  there  are  events  in  the 
absolute  future  of  P  —  all  those  that  lie  inside 
the  null-cone  radiating  from  P  —  events  in  the 
absolute  past  of  P  —  all  those  which  lie  inside 
the  null-cone  when  it  is  turned  to  point  the  other 
way  —  and  all  those  which  may  be  past,  present, 
or  future  to  P,  depending  on  the  observer.  All 
these  latter  events  lie  outside  the  null-cones.  As 
a  very  simple  example  of  this  graphical  method 
let  us  consider  a  one-dimensional  movement  in 
space  —  a  particle  moving  in  a  straight  line. 
Represent  this  line  by  OX,  and  represent  the 
time  dimension  by  OT.  Choose  units  so  that 
the  velocity  of  light  is  unity.  The  point  0 
represents  an  event  occurring  at  x  =  o,  t  =  o. 
Suppose  we  are  considering  the  movement  of  a 
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ray  of  light.  Since  it  is  moving  with  unit  velocity 
the  distance  it  describes  is  equal  to  the  time  it 
takes  to  do  it,  that  is,  x=  t  all  along  its  path. 
The  lines  OA  and  OB  therefore  represent  its  path, 


since  every  point  on  them  has  gone  as  far  in  the 
direction  OT  as  it  has  gone  in  the  direction  OX 
or  0X\  These  two  lines  correspond  to  the  null- 
cone  of  the  more  general  graphical  representation. 
Now  any  event  P  which  lies  within  AOB  could 
be  reached  from  O,  because  the  velocity  required 
is  less  than  unity,  that  is,  less  than  the  velocity 
of  light.  Similarly,  from  an  event  Q  in  the 
section  A'OB'  the  event  0  could  be  reached  with 
less  than  the  velocity  of  light.  The  event  Q 
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might  be  the  event  of  a  man  falling  off  the  top 
of  a  tower,  0  his  crash  on  the  pavement,  and  P 
his  arrival  at  the  hospital.  For  all  observers  Q 
precedes  0  and  0  precedes  P.  But  events  in  the 
sections  B'OA,  A'OB  may  be  past,  present,  or 
future  to  0,  depending  on  the  observer.  Thus, 
besides  an  absolute  past  and  an  absolute  future 
there  is  an  indeterminate  region  where  the  time 
ordering  of  events  depends  on  the  observer. 

Phil.:  Then  if  we  cannot  say  of  events  within 
XOA,  for  example,  that  they  are  absolutely  past, 
present,  or  future  to  the  event  0,  it  follows  that 
the  event  0  can  have  no  influence  on  these  events. 
For  we  could  not  say  that  there  was  a  causal 
connection  between  O  and  some  event  in  XOA  if 
for  some  observer  0  could  succeed  that  event. 

Math.  Phys.:  That  is  so.  The  only  events 
that  O  can  effect  lie  within  AOB.  0  could  not 
affect  anything  in  XOA  since  no  influence  could 
travel  fast  enough.  If  O  is  the  present  moment 
of  my  own  life-history,  for  instance,  then  every 
event  that  has  or  might  have  influenced  me  lies 
within  A'OB\  The  past  events  that  lie  within 
B'OX  and  A'OX  are  past  events  which  cannot 
[109] 


THREE    MEN    DISCUSS    RELATIVITY 

have  influenced  me.  Similarly,  every  event  that 
any  present  act  of  mine  can  conceivably  influence 
lies  within  AOB.  The  events  of  XOA  and  X'OB 
belong  to  a  future  outside  my  possible  control. 
Nothing  that  I  can  do  will  affect  the  events  of 
XOA  and  X'OB. 

Phil.:  You  do  not  think,  then,  that  the  events 
of  AOB  are  rigidly  determined  in  the  sense  that 
the  events  of  XOA  are  rigidly  determined? 

Math.  Phys.:  I  know  nothing  of  what  the  ulti- 
mate justification  of  a  philosophical  determinism 
may  be.  All  that  I  mean  to  assert  is  that,  speak- 
ing in  the  language  of  everyday  life,  I  can  cause 
events  within  AOB.  I  can,  for  instance,  cause  an 
event  at  P  —  say  the  explosion  of  a  shell.  But 
nothing  that  happened  on  the  sun  within  the 
last  eight  minutes  can  be  affecting  me  at  this 
moment,  and,  whatever  technical  powers  I  might 
have,  I  could  affect  no  event  that  will  occur  on 
the  sun  within  the  next  eight  minutes.  That  is 
because  light  takes  eight  minutes  to  travel  from 
the  sun  to  the  earth.  Now,  to  sum  up.  The 
events  of  nature  form  a  four-fold  order.  Between 
any  pair  of  events  is  a  relation,  the  interval,  which 
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has  the  same  value  for  all  observers.  We  have 
assumed  that  this  relation  can  be  expressed  in 
terms  of  measurements  that  we  make  with  scales 
and  clocks  in  the  form  ds^  =  c^dt^  -  dx^  -  dy^  -  dz^, 
where  dt  is  the  time  between  the  two  events 
marked  by  our  clock,  and  V_dx^  +  dy^  +  dz^  is 
the  distance  between  the  two  events  as  measured 
by  our  measuring  rod.  In  order  that  the  same 
measure  of  the  interval  for  the  same  pair  of 
events  shall  be  reached  by  another  observer,  his 
time  and  space  measurements  must  be  related  to 
ours  by  the  formulae  I  have  given  you.  We  have 
seen  that  these  equations  also  express  the  fact 
that  the  two  observers  are  in  uniform  translatory 
motion  with  respect  to  one  another,  and  that  the 
constant  c  plays  the  part  of  a  critical  velocity, 
the  same  for  both  observers.  We  have  seen  that 
there  are  excellent  experimental  reasons  for  iden- 
tifying this  velocity  with  the  velocity  of  light. 
Further,  we  assert  that  all  laws  of  nature  must 
be  the  same  for  both  observers.  The  laws  of  light, 
Maxwell's  equations,  are  the  same  when  referred 
to  either  system  of  measurement.  The  laws  of 
dynamics,  Newton's  laws,  have  had  to  be  revised 
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in  order  to  obey  the  criterion.  The  revision  leads 
to  certain  consequences  which  have  been  experi- 
mentally confirmed.  The  reality  we  have  arrived 
at  so  far  is  a  homogeneous  four-dimensional 
continuum  of  semi-Euclidean  properties.  This 
continuum  is  separated  into  space  and  time,  but 
differently  by  different  observers.  So  much  for 
the  credit  side  of  our  achievement.  I  must  now 
point  out  to  you  some  imperfections  of  the  theory. 
In  the  first  place,  the  unconstrained  motion  of 
B.  particle  in  this  space  is  a  straight  line,  as  on 
Newton's  theory.  The  objection  here  is  that  we 
have  to  keep  the  Newtonian  apparatus  of  attract- 
ing forces,  in  particular  the  force  of  gravitation, 
in  order  to  account  for  the  fact  that  the  observed 
motions  of  bodies,  such  as  the  planets,  not  subject 
to  impacts,  are  not  straight  lines.  Secondly,  the 
theory  throws  no  light  on  the  rigid  and  universal 
proportionality  of  a  body's  inertia!  mass  to  its 
gravitational  mass.  The  third  imperfection  is  one 
often  mentioned  by  our  philosophical  friend;  it 
is,  indeed,  a  philosophic  objection,  but  a  very 
powerful  one.  Why  should  the  laws  of  nature  be 
invariant  only  for  systems  in  uniform  translatory 
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motion  with  respect  to  one  another?  In  our  next 
dialogue  I  shall  begin  to  expound  to  you  a  theory, 
Einstein's  generalised  theory  of  relativity,  which 
not  only  meets  these  objections,  but  does  so  by 
giving  us  a  profounder  and  more  comprehensive 
outlook  on  the  world  of  physics  than  has  ever 
been  attained  before.  ) 
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GENERAL  RELATIVITY 

Math.  Phys.:  The  peculiar  difficulty  that 
everybody  experiences  in  grasping  the  generalised 
theory  of  relativity  is  due  to  the  fact  that  they 
start  with  certain  prepossessions,  certain  assump- 
tions, which  the  theory  requires  us  to  abandon. 
Some  of  these  assumptions  concern  the  relation 
between  geometry  and  physics.  I  will  therefore 
begin  by  discussing  the  status  of  geometry.  You 
are  familiar  with  the  fact  that  for  two  thousand 
years  the  geometry  of  Euclid  was  regarded  as  the 
one  and  only  possible  geometry.  The  axioms 
which  lie  at  the  base  of  Euclidean  geometry  were 
considered  to  be  necessary  truths.  From  the 
logical  consequences  of  these  axioms,  therefore, 
no  escape  was  possible,  and  no  alternatives  were 
thinkable.  We  now  know  that  the  Euclidean 
axioms  are  not  necessary  truths.  We  know  that 
postulates,  incompatible  with  those  of  Euclid,  lead 
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to  perfectly  self-consistent  systems  of  geometry. 
Consider,  for  instance,  Euclid's  "parallel  postu- 
late ''  which  asserts  that,  through  a  point  external 
to  a  given  straight  line  one  and  only  one  straight 
line  can  be  drawn  parallel  to  the  given  straight 
line.  This  postulate  is  not  a  necessity  of 
thought;  it  is  an  assumption,  and  it  need  not  be 
assumed. 

Ord.  Int.  Per.:  But  how  can  that  be?  It  is  a 
statement  which  is  either  true  or  false. 

Math.  Phys.:  What  precisely  do  you  mean? 
Do  you  mean  that  it  is  a  statement  of  fact  —  that 
it  is  true  or  false  of  the  behaviour  of  certain 
objective  entities  called  straight  lines? 

Ord.  Int.  Per.:  Well,  it  may  be  that  there  are 
no  actual  objective  mathematical  straight  lines  in 
nature. 

Math.  Phys.:  It  would  not  matter  if  there  were. 
The  proposition  would  then  be  a  statement,  justi- 
fied by  experience,  concerning  the  behaviour  of 
these  natural  entities.  But  that  is  very  different 
from  being  a  necessity  of  thought.  We  could 
imagine  a  different  universe  where  this  law  of 
nature  did  not  obtain. 
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Ord.  Int.  Per.:  But  does  not  the  proposition 
follow  from  the  very  nature  of  a  straight  line, 
whether  it  exists  or  not? 

Math.  Phys.:  In  asking  that  question  you  are 
asking  me  whether  the  parallel  postulate  is  not 
a  necessary  consequence  of  the  definition  of  a 
straight  line.  You  must  therefore  mean  the 
straight  line  as  defined  by  the  axioms  and  pos- 
tulates of  Euclid  not  including  the  parallel  postu- 
late. You  are  asking,  in  fact,  whether  the  parallel 
postulate  can  be  deduced  from  the  other  axioms 
and  postulates  of  Euclid.  The  answer  is  that  it 
cannot.  Attempts  were  made,  for  two  thousand 
years,  to  deduce  the  parallel  postulate  from  the 
other  postulates  of  Euclid,  but  every  one  of  these 
supposed  proofs  assumed  a  proposition  equivalent 
to  the  parallel  postulate  itself. 

Phil:  But  that  does  not  prove  that  such  a 
proof  is  impossible,  but  only  that  it  has  not  been 
obtained. 

Math.  Phys.:  Precisely.  The  final  proof  that 
the  parallel  postulate  could  not  be  deduced  from 
the  others  was  given  by  the  actual  construction  of 
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a  non-Euclidean  geometry.  For  this  geometry 
accepted  the  other  postulates  of  Euclid  and  denied 
the  parallel  postulate.  If,  therefore,  the  parallel 
postulate  is  implied  in  the  other  postulates  of 
Euclid  it  follows  that  the  geometry  which  denies 
the  parallel  postulate  and  accepts  the  others 
must  develop  contradictory  propositions.  But  the 
geometry  in  question  can  be  shown  to  be  immune 
from  all  self-contradiction.  It  follows  that  the 
parallel  postulate  is  not  contained  in  the  others, 
and  that  a  perfectly  self-consistent  definition  of 
the  straight  line  can  be  given  which  does  not 
obey  it. 

Ord.  Int.  Per.:  But  is  this  new  straight  line 
really  a  straight  line? 

Math.  Phys.:  Come  now!  You  are  asking 
me  whether  this  straight  line  is  a  Euclidean 
straight  line.  I  have  just  explained  to  you  that 
it  is  not. 

Phil:  I  think  he  means  to  ask,  Does  it  play 
the  same  role  in  the  new  geometry  that  Euclid's 
straight  line  plays  in  his  geometry? 

Math.  Phys.:  It  does. 


[117] 


THREE    MEN    DISCUSS    RELATIVITY 

PhiL:  Are  we,  then,  at  liberty  to  assume  what 
geometrical  postulates  we  like? 

Math.  Phys.:  Yes.  Provided,  of  course,  that 
they  are  consistent  with  one  another. 

Phil.:  So  that  we  cannot  say  of  any  geometry 
that  it  is  true  or  untrue? 

Math.  Phys.:  No.  A  geometry  is  a  body  of 
propositions  deduced  from  certain  postulates.  All 
we  can  say  is  that  if  we  admit  the  postulates, 
then  the  propositions  are  logical  consequences  of 
them.  But  the  primary  postulates,  provided  they 
imply  no  contradictions,  may  be  anything  we 
choose.  The  fact  is  that  a  system  of  postulates 
is  really  a  logical  schema.  It  is  an  empty  logi- 
cal framework.  We  may,  for  instance,  define  a 
straight  line  in  terms  of  points,  or  a  point  in 
terms  of  straight  lines,  but  the  terms  "straight 
line  "  and  "  point,'^  as  they  occur  in  the  defini- 
tions, have  no  meaning.  All  we  are  concerned 
with  is  the  relations  between  these  terms.  If 
you  know  of  any  entities  which  obey  these  rela- 
tions, then  you  may  take  the  propositions  of  the 
geometry  constructed  from  these  postulates  as 
being  propositions  about  these  entities.    A  given 
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set  of  postulates  may,  for  example,  express  the 
relations  between  certain  algebraic  equations  just 
as  well  as  the  relations  between  the  geometrical 
entities,  points,  straight  lines,  and  so  on.  A 
geometry,  in  fact,  has  nothing  essentially  to  do 
with  space.    It  is  a  logical  schema. 

Ord,  InL  Per.:  The  geometry  of  Euclid,  then, 
considered  as  a  body  of  postulates  and  the  logical 
consequences  of  them,  stands  on  the  same  footing 
as  any  other  self -consistent  geometry? 

Math.  Phys.:  Precisely.  I  may  point  out, 
however,  that  Euclidean  geometry  has  a  certain 
advantage  over  all  others.  It  is,  intrinsically,  the 
simplest  geometry.  It  is  the  simplest  geometry 
in  the  same  sense  that  an  algebraic  equation  of 
the  first  degree  is  intrinsically  simpler  than  an 
algebraic  equation  of  the  second  degree.  This 
may  be  seen  from  the  expression  for  the  distance 
between  two  points  in  a  Euclidean  continuum. 
Consider  a  Euclidean  continuum  of  two  dimen- 
sions, that  is  to  say,  a  plane.  As  I  have  said 
before,  the  formula  for  the  distance  ds  between 
two  adjacent  points  may  always  be  expressed  in 
the  form  ds^  =  dx^  +  dy^.    Similarly,  the  distance 
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between  two  adjacent  points  in  a  three-dimen- 
sional Euclidean  continuum  may  be  expressed  in 
the  form  ds^  =  dx^  +  dy^  +  dz^,  Con^>ider  now 
an  expression  of  the  form  ds'^  =  dx^  +  x^dy^.  This 
formula  still  refers  to  a  plane,  because  we  can 
transform  it  mathematically,  as  a  matter  of  fact, 
into  the  old  one,  ds^  =  dx^  +  dy^.  But  the 
formula  ds^  =  dx^  +  cos^xdy^,  cannot  be  trans- 
formed to  the  formula  ds^  =  dx^  +  dy^.  There  is 
an  essential  difference  between  these  two  cases. 
As  a  matter  of  fact  the  formula  I  have  just  given 
is  the  formula  for  ds  on  the  surface  of  a  sphere  — 
a  surface  which  is  intrinsically  different  from  a 
plane.  A  cylinder,  on  the  other  hand,  is  not 
intrinsically  different  from  a  plane,  as  we  have  al- 
ready seen.  Either  of  the  formulae  ds^  =  dx^  +  dy^ 
or  ds^  =  dx^  +  x^dy^  would  give  the  geometry  of 
a  cylindrical  surface,  since  it  has  the  same  geom- 
etry as  a  plane  surface.  We  cannot  tell  from 
mere  inspection,  therefore,  whether  the  formula 
for  the  distance  between  two  adjacent  points  re- 
fers to  a  Euclidean  or  a  non-Euclidean  continuum. 
The  formula  depends  not  only  on  the  intrinsic 
geometry  of  the  continuum,  but  also  on  the  system 
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of  co-ordinates  employed.  But,  if  the  continuum 
is  Euclidean,  then  co-ordinates  can  be  found  for 
which  ds  assumes  the  form  ds^  =  dx^  +  dy^  for 
two  dimensions,  with  corresponding  formulae 
for  three  or  more.  The  expression  for  ds,  in  any 
other  geometry,  cannot  be  reduced  to  this  simple 
form. 

Ord,  Int.  Per.:  The  geometry  of  a  spherical 
surface,  then,  is  a  non-Euclidean  geometry? 

Math.  Phys.:  Yes,  provided  we  confine  our 
attention  wholly  to  the  surface.  The  shortest 
distance  between  two  points  on  the  surface  of  a 
sphere  is  an  arc  of  the  great  circle  —  that  is,  a 
circle  whose  plane  passes  through  the  centre  of 
the  sphere  —  joining  the  two  points.  These  arcs, 
therefore,  would  be  selected,  by  a  being  confined 
to  the  surface,  as  his  straight  lines.  Now  all 
great  circles  cut  one  another.  Accordingly,  to 
this  being,  no  straight  line  can  be  drawn  parallel 
to  a  given  straight  line.  Also,  the  sum  of  the 
interior  angles  of  his  triangles  is  not  equal  to  two 
right  angles.  Also,  if  he  drew  a  circle,  that  is, 
the  locus  of  a  point  which  moves  in  such  a  way 
as  to  remain  at  a  fixed  distance  from  a  given  point, 
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on  the  surface,  the  circumference  of  this  circle 
would  not  be  27r  times  the  radius.  Of  course,  to 
use  the  geometry  of  the  sphere  is  perfectly  com- 
patible with  Euclidean  geometry,  because  we 
should  say  that  the  being  was  not  really  talking 
about  straight  lines,  but  about  arcs  of  circles. 
The  real  straight  line  joining  two  points  on  the 
surface  of  the  sphere  is,  we  should  say,  a 
Euclidean  straight  line  which  lies  in  a  dimension 
of  which  the  two-dimensional  being  has  no  cog- 
nisance. It  is  worth  noting  that  a  three-dimen- 
sional Euclidean  continuum  admits  the  presence 
of  two-dimensional  continua  having  an  intrin- 
sically different  geometry.  Now,  seeing  that 
Euclid^s  geometry  is  only  one  of  an  infinite 
number  of  possible  geometries,  the  question  arises 
whether  the  geometry  of  the  four-dimensional 
continuum  formed  by  the  events  of  nature  is 
Euclidean  or  not.  We  have  seen  that  it  is  not, 
in  any  case,  strictly  Euclidean,  since  the  space 
and  time  components  of  the  interval  occur  with 
different  signs.  But  what  I  ^m  now  asking  is 
whether  the  geometry  of  this  continuum  is  rep- 
resented by  the  formula  ds^  =  dt^  -  dx^  -  dy^  -  dz^ 
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where  the  co-ordinates  dt,  dx,  dy,  dz  have  constant 
coefficients,  or  whether  ds  should  be  given  a  more 
general  form. 

Phil:  What  exactly  do  you  mean  when  you 
ask  whether  the  space-time  continuum  of  nature 
has  one  geometry  rather  than  another?  You  have 
just  explained  to  us  that  a  geometry  is  a  hypo- 
thetico-deductive  system  of  logical  relations.  It 
is  a  system  of  propositions  deduced  from  arbitrary 
and  consistent  postulates.  Also,  your  observa- 
tions of  external  nature  consist,  you  have  told  us, 
of  observations  of  the  readings  of  your  measuring 
appliances.  The  theories  you  invent,  therefore, 
to  order  and  make  coherent  your  measurements, 
are  physical  hypotheses  concerned  with  the  be- 
haviour of  physical  entities.  What  is  this  space 
whose  geometry  you  wish  to  determine?  Is  it 
not  a  purely  mental  construction,  like  your  geom- 
etries themselves,  and  cannot  you  construct  any 
space  you  like  according  to  what  geometry  you 
choose?  I  fail  to  see,  at  present,  what  you  mean 
by  asking  what  is  the  geometry  of  the  space-time 
continuum. 

Math.  Phys.:  I  must  explain  myself  more  fully. 
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The  events  of  nature  form  a  four-fold  order.  In 
order  to  arrange  them  coherently  we  have  to 
adopt  certain  conventions  of  measurement.  It 
was  at  one  time  thought  that  the  Euclidean  con- 
ventions were  not  conventions  —  that  they  were 
imposed  upon  us  by  the  nature  of  things.  We 
now  know  that  this  is  not  true.  We  are  now  free 
to  inquire  whether  we  can  adopt  more  convenient 
conventions.  I  admit  that  we  have  freedom  of 
choice;  the  four-fold  order  of  events  has  no  in- 
herent geometry.  But  we  find  it  necessary  to 
attribute  a  geometry  to  it  since  we  are  concerned 
with  measurements  and  our  measurements  must, 
of  course,  be  coherent.  Our  criterion  in  choosing 
whatever  geometry  we  shall  choose  is  convenience, 
and  this  criterion  has  reference  to  the  whole 
complex  of  phenomena.  We  cannot  distinguish 
sharply  between  the  geometry  of  events  and  the 
physical  laws  of  events.  The  geometry  and  the 
physical  laws  are  not  independent  of  one  another. 
Supposing  we  determined,  for  instance,  that  the 
three  interior  angles  of  a  triangle  formed  by  a 
fixed  star  and  the  two  points  at  opposite  ends  of 
a  diameter  of  the  earth's  orbit  were  not  equal  to 
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two  right  angles.  To  explain  this  result  we  can 
either  alter  our  geometry  and  say  that  Euclid's 
geometry  does  not  apply  to  the  events  of  nature, 
or  we  can  alter  our  physical  laws  and  say  that 
light  is  not  propagated  in  straight  lines.  Which 
alternative  we  choose  will  be  a  matter  of  con- 
venience. The  assumption  which  explains  the 
most  facts  in  the  simplest  way  is  the  one  we  shall 
adopt. 

Phil.:  What  you  call  the  geometry  of  the  four- 
dimensional  continuum,  therefore,  is  merely  one 
of  the  physical  hypotheses  you  find  it  convenient 
to  adopt  in  order  to  make  coherent  the  events 
of  nature? 

Math.  Phys.:  Precisely. 

Ord.  Int.  Per.:  How  do  you  propose  to  apply 
to  the  universe  a  geometry  different  from  that 
of  Euclid? 

Math.  Phys.:  I  will  illustrate  the  general  idea 
by  an  example  which  is  of  great  intrinsic  impor- 
tance. We  have  assumed  that,  in  the  absence 
of  a  gravitational  field,  a  body  not  subject  to 
impacts  moves  with  uniform  velocity  in  a  straight 
line.  That  is  to  say,  we  can  find  a  system  of  co- 
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ordinates  such  that  the  body's  motion,  measured 
in  this  system,  is  a  straight  line  described  with 
uniform  velocity.  Now  choose  another  system  of 
co-ordinates,  say  a  system  rotating  with  respect 
to  the  first  system.  What  is  the  motion  of  the 
body,  as  measured  from  this  second  system,  sup- 
posing, of  course,  that  the  people  using  the  rotat- 
ing system  (which  may  be  a  roundabout)  imagine 
it  to  be  at  rest?  It  is  no  longer  a  straight  line. 
And  its  departure  from  a  straight  line  can  be 
explained  by  forces  acting  on  it,  in  this  case 
fictitious  forces  introduced  by  adopting  that  sys- 
tem of  co-ordinates.  If  we  know  the  co-ordinates, 
and  we  can  know  them  by  analysing  the  expres- 
sion for  ds  in  terms  of  these  co-ordinates,  we  can 
calculate  these  fictitious  forces  and  so  find  the 
equations  to  the  body^s  motion.  The  equations 
to  the  body's  motion,  therefore,  involve  quantities 
which  appear  in  the  expression  for  ds.  It  will 
make  the  argument  clearer  if  I  now  write  down 
the  most  general  form  for  ds  in  four  dimensions, 
a  form  which  includes  every  kind  of  geometry,  the 
Euclidean  geometry  and  all  the  non-Euclidean 
geometries.  For  the  nature  of  a  geometry,  you 
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remember,  can  be  ascertained  by  analysing  the 
formula  for  ds  as  it  occurs  in  that  geometry.  This 
formula  is  — 

ds^  =  gndxl  +  g^dxl  +  gzzdx\  +  g,dx\ 

+  2gndxidx2  +  2gizdxidx3  +  2gudxidx4 
+  2g2zdx2dxz  +  2g24x2dXi  +  2gzidxzdx4. 

You  observe  that  there  are  10  g's  in  this  formula. 
These  g^s  are,  in  general,  functions  of  the  co- 
ordinates, that  is,  their  values  change  when  the 
values  of  x^,  X2,  Xs,  X4.  change.  Some  of  them  may 
have  constant  values ;  some  of  them  may  be  zero. 
All  the  different  geometries  can  be  obtained  by 
giving  appropriate  values  to  the  ^'s.  We  can 
obtain  our  old  formula  for  the  semi-Euclidean 
continuum,  for  example,  by  putting  gn  =  9^22  = 
gzz=  - 1,  and  ^44  =  1,  and  putting  all  the  other 
g''s  equal  to  zero. 

Phil.:  What  reason  have  you  for  saying  that 
this  expression  is  the  most  general  form  for  ds? 

Math.  Phys.:  All  systems  of  co-ordinates 
with  which  we  are  familiar,  Euclidean  or  non- 
Euclidean,  are  contained  within  this  general 
form.  We  shall  assume  that  any  geometry  we 
are  likely  to  require  can  be  expressed  by  this 
[127] 


THREE     MEN    DISCUSS    RELATIVITY 

formula.  But  there  is  not,  perhaps,  any  a  priori 
reason  why  a  more  complicated  general  form 
should  not  be  necessary.  You  will  find,  how- 
ever, that  this  formula  is  sufficiently  flexible 
for  our  purposes.  Now  let  us  revert  to  our 
problem  of  the  motion  of  a  body  acted  on  only 
by  the  fictitious  forces  introduced  by  the  system 
of  co-ordinates.  The  condition  satisfied  by  its 
motion  is  as  follows:  the  interval  between  two 
distant  events  in  the  history  of  the  body  is  a 
maximum.  This  is  a  fact  of  observation.  The 
body  moves  in  such  a  way  that  the  interval 
between  two  distant  events  is  greater  than  it 
would  be  if  the  body  moved  in  any  other  way. 
This  means,  for  ordinary  rectangular  co-ordinates 
in  the  space-time  continuum  of  the  special  theory 
of  relativity,  that  the  body  describes  a  straight 
line  with  uniform  velocity.  We  express  the  in- 
terval between  two  neighbouring  events  by  ds. 
To  get  the  interval  between  two  distant  events 
we  add  together  all  the  adjacent  little  intervals  ds. 
We  may  write  this  sum  jds.  The  condition  is 
that  this  sum  is  to  be  a  maximum  for  the  actual 
motion.  For  this  to  be  so  the  co-ordinates  of 
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the  body  at  any  time  and  place  must  obey  certain 
equations.  To  find  these  equations  is  a  purely 
mathematical  problem.  The  actual  path  repre- 
sented by  the  equations  depends  upon  the  values 
of  the  g's  in  the  expression  for  ds.  If  the  g's 
have  the  values  mentioned  above  the  equations 
represent  a  straight  line  described  with  uniform 
velocity.  In  other  cases  the  equations  will  repre- 
sent curved  lines  relative  to  the  co-ordinates 
employed.  The  absolute  locus  of  the  moving 
body  is,  of  course,  the  same,  whatever  system 
it  be  regarded  from.  We  are  now  in  a  position 
to  take  a  very  important  step.  (We  have  seen 
that  the  formula  for  ds  varies  not  only  with  the 
kind  of  co-ordinates  employed,  but  with  the 
intrinsic  nature  of  the  space  concerned. )  We  may 
have  any  number  of  formulae  for  ds  which  have 
the  one  characteristic  in  common  that  they  refer 
to  a  Euclidean  plane  surface.  But,  as  we  have 
seen,  we  may  have  a  formula  for  ds  which  does 
not  refer  to  a  plane  at  all,  but  to  a  spherical 
surface.  And,  just  as  for  the  plane,  we  may  have 
any  number  of  formulae  for  ds  whose  one  common 
characteristic  is  that  they  all  refer  to  a  spherical 
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surface.  We  need  not  confine  ourselves  to  plane 
and  spherical  surfaces.  We  can  have  surfaces 
intrinsically  different  from  both.  Now  it  is  evi- 
dent that  if  ds  refers  to  a  plane  surface  the  g's 
which  occur  in  this  expression  cannot  have  just 
any  values.  There  must  be  some  relation  be- 
tween the  g's  which  holds  good  for  a  plane  surface 
and  not  for  any  other  intrinsically  different  sur- 
face. Similarly,  all  the  ds's  which  refer  to  a  spher- 
ical surface  will  have  something  peculiar  about 
their  g's.  Now  the  co-ordinates  we  have  been 
considering  hitherto,  whether  they  be  rotating,  or 
executing  a  spiral  motion,  or  what  not,  are,  all 
of  them,  co-ordinates  which  belong  to  the  semi- 
Euclidean  continuum  of  the  special  theory  of 
relativity.  For  we  have  always  supposed  that 
we  could  transform  these  co-ordinates  to  the 
standard  co-ordinates  for  which  all  fictitious 
forces  vanish.  That  is,  we  have  assumed  that 
the  formula  for  ds  can  always  be  reduced  to  the 
form  ds^  =  dt^  -  dx^  -  dy^  -  dz^  by  an  appropriate 
choice  of  co-ordinates.  For  all  systems  of  co- 
ordinates hitherto  discussed,  we  have  found  that 
the  equations  of  motion  of  a  body,  acted  on  by  no 
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forces  except  fictitious  forces,  are  given  from  the 
condition  that  Ids  is  a  maximum.  The  step  we 
propose  to  take  is  this.  We  shall  assume  that 
the  motion  of  a  body  not  subject  to  impacts  is 
still  given  by  the  condition  that  fds  is  a  maxi- 
mum, even  when  ds  refers  to  a  kind  of  space 
intrinsically  different  from  the  space  of  the  special 
theory  of  relativity.  That  is,  if  the  formula  for 
ds  is  of  such  a  kind  that  no  mathematical  trans- 
formation of  co-ordinates  can  reduce  it  to  the 
form  ds^  =  dt^  -  dx^  -  dy^  -  dz^  we  shall  still 
assume  that  the  condition  fds  is  a  maximum,  gives 
the  unconstrained  motion  of  a  body  moving  in 
that  kind  of  space. 

Ord.  Int.  Per.:  You  mean  that  the  natural 
motion  of  a  body,  left  to  itself,  may  always  be 
found  from  the  condition  that  fds  is  a  maximum? 
This  is  your  fundamental  equation  to  such 
motion,  whatever  the  system  of  co-ordinates  em- 
ployed, even  when  the  co-ordinates  are  of  a  kind 
which  can  not  be  used  in  a  Euclidean  continuum? 

Math.  Phys.:  Yes.  We  can  prove  that  this 
condition  gives  the  motion  of  a  body  in  a  Euclid- 
ean   continuum    whether    the    co-ordinates    be 
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rotating  or  of  any  other  kind  that  can  be  em- 
ployed in  such  a  continuum.  We  assume  that  it 
still  gives  the  motion  of  a  body  in  a  non-Euclidean 
continuum.  The  point  of  this  assumption  is  that 
we  can  now  ask  ourselves  what  kind  of  space- 
time  continuum  that  must  be  for  which  the 
observed  motions  of  bodies  such  as  the  planets  are 
their  natural  motions. 

Phil.:  You  are  trying,  then,  to  do  without  the 
notion  of  a  force  of  gravitation? 

Math.  Phys.:  Precisely.  Instead  of  taking  a 
Euclidean  continuum  plus  a  force  of  gravitation, 
I  am  trying  to  discover  a  non-Euclidean  con- 
tinuum which,  in  virtue  of  its  geometrical  pro- 
perties—  as  expressed  in  the  formula  for  ds  — 
will  explain  the  observed  motions  of  bodies  quite 
as  well.  The  formula  for  ds  for  our  space-time 
continuum  ought  to  be  of  such  a  kind  that  the 
condition  Jds  is  a  maximum  gives  the  observed 
motions  of  the  planets  without  introducing  any 
apparatus  of  forces  at  all.  In  other  words, 
instead  of  explaining  observed  departures  from 
straight  line  motion  by  postulating  the  existence 
of  a  gravitational  field  we  shall  try  to  explain 
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them  by  assuming  certain  appropriate  but  non- 
Euclidean  metrical  properties  of  the  space-time 
continuum  in  which  we  order  the  events  of  nature,  j 

Phil.:  But  then  the  geometry  you  assume 
must  be  different  in  different  circumstances.  In 
the  neighbourhood  of  the  sun,  for  instance,  we 
will  say  that  the  space-time  continuum  has 
metrical  properties  such  that  the  unconstrained 
motion  of  a  body,  say  a  planet,  is  an  ellipse  round 
the  sun.  But  in  the  neighbourhood  of  a  double 
or  triple  star  a  body,  left  to  itself,  would  not 
describe  an  ellipse.  The  metrical  properties  of 
the  continuum  must  therefore  be  different. 

Math.  Phys.:  That  is  so.  We  shall  find  that 
there  is  no  single  formula  for  ds  that  can  be  ex- 
tended over  the  whole  universe. 

Phil:  Then  the  geometry  of  your  continuum 
is  influenced  by  the  presence  of  matter? 

Math.  Phys.:  You  can  put  it  that  way  if  you 
choose  to  regard  matter  as  fundamental.  But 
you  will  find  that  what  we  call  matter  may  also 
be  regarded  as  peculiarities  of  the  space-time 
continuum.  We  can  discuss  this  question  more 
profitably  later. 
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Phil,:  Well,  but  since  the  kind  of  space-time 
continuum  you  assume  varies  according  to  the 
distribution  of  matter  in  the  region  cannot  you, 
as  it  were,  create  any  sort  of  space-time  by  suit- 
ably arranging  your  matter  in  the  region? 

Math.  Phys.:  No.  The  interesting  fact  is  that 
one  cannot.  Let  us  revert  to  the  general  formula 
for  ds,  the  formula  containing  ten  g's.  Your 
question  is.  Can  these  g's  be  any  functions  what- 
ever of  the  co-ordinates?  Can  any  and  every 
kind  of  geometry  occur  in  nature?  The  answer 
is  in  the  negative.  There  are  certain  restrictions 
on  the  permissible  values  of  the  g's.  Let  us  see 
what  the  nature  of  these  restrictions  must  be. 
They  will  be  expressed  by  a  set  of  equations 
between  the  g's.  Now  suppose  we  know  those 
equations  and  that  we  have  ten  g's  which  obey 
them.  We  can,  as  we  have  seen,  make  mathe- 
matical transformations  of  these  g's,  obtaining 
new  systems  of  co-ordinates.  We  do  not  thereby 
alter  the  kind  of  space-time  with  which  we  are 
dealing.  We  have  seen,  for  example,  that  we 
can  have  any  number  of  systems  of  co-ordinates, 
^1  mathematically  transformable  into  one  an- 
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other,  and  all  referring  to  a  plane.  Similarly  we 
can  have  any  number  of  systems  of  co-ordinates 
all  referring  to  a  spherical  surface.  But  the  g's 
of  all  the  plane  systems  of  co-ordinates  will  have 
something  in  common,  that  is,  will  obey  certain 
equations,  which  will  not  be  obeyed  by  the  ^'s 
of  the  spherical  systems  of  co-ordinates.  If  once 
we  have  found  a  set  of  ten  g's,  therefore,  which 
obey  the  equations  we  are  supposing  ourselves  to 
have  found,  all  the  sets  of  g's  obtained  by  mathe- 
matical transformations  from  these  ten  must  also 
obey  the  equations.  This  is  so  because  the  equa- 
tions refer  to  the  kind  of  space-time  and  hold 
good  for  all  systems  of  co-ordinates  appropriate 
to  that  kind  of  space-time.  As  the  first  condition 
for  these  equations  to  fulfil,  therefore,  we  see  that 
they  must  remain  unaltered  for  all  mathematical 
transformations  of  co-ordinates.  This  condition, 
by  itself,  does  not,  of  course,  enable  us  to  take 
one  step  towards  saying  what  kinds  of  space-time 
can  occur  in  nature.  But  we  have  another  con- 
dition that  these  equations  must  obey.  We  shall 
assume  that  the  space-time  of  the  special  theory 
of  relativity  is  of  a  kind  that  is  possible  in  nature 
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—  namely,  at  a  great  distance  from  all  matter. 
We  shall  assume,  that  is,  that  at  a  great  distance 
from  matter  the  unconstrained  motion  of  a  body 
is  a  straight  line  described  with  uniform  velocity. 
We  shall  call  this  kind  of  space-time  flat,  from  its 
analogy  with  the  Euclidean  plane.  Now  the 
mathematical  conditions  that  space-time  shall  be 
flat  are  known.  If  we  have  a  formula  for  ds,  and 
if  ds  refers  to  flat  space-time,  then  the  g's  which 
occur  in  that  formula  must  satisfy  certain  equa- 
tions, and  these  equations  are  known.  These 
equations  are  obtained  by  equating  a  complicated 
expression  involving  the  g's,  an  expression  called 
the  Riemann-Christoffel  tensor,  to  zero.  The 
Eiemann-Christoffel  tensor  is  so  called  from  the 
mathematicians,  Riemann  and  Christoffel,  who 
discussed  it.  The  fact  that  the  Riemann-Chris- 
toffel tensor  must  be  zero  for  flat  space-time  gives 
us  twenty  conditions  that  the  g's  must  obey. 
Every  set  of  ^'s  which  obey  these  twenty  con- 
ditions belong  to  co-ordinates  which  are  appro- 
priate for  describing  flat  space-time.  Now,  ob- 
viously, these  twenty  conditions  are  too  stringent 
for  our  purpose.     They  rule  out  every  kind  of 
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space-time  except  flat  space-time.  We  want  a 
set  of  conditions  which  are  less  stringent.  They 
must  allow  flat  space-time  to  exist,  for  we  have 
agreed  that  flat  space-time  can  exist  in  nature, 
but  they  must  also  allow  certain  varieties  of 
curved  space-time  to  exist.  We  therefore  en- 
deavour to  modify  the  Riemann-Christoffel  tensor 
so  as  to  make  it  less  stringent.  This  can  be  done. 
The  modified  tensor  permits  flat  space-time,  and 
it  also  admits  a  limited  variety  of  other  kinds  of 
space-time.  We  get  a  set  of  conditions  that  the 
^'s  must  obey  if  they  are  to  describe  the  metrical 
properties  of  an  empty  region  of  nature,  that  is, 
a  region  not  containing  matter  nor  radiant  energy. 
Accordingly  we  call  these  conditions  the  law  of 
gravitation. 

Phil.:  There  seems  to  me  to  be  a  very  big 
jump  here.  Why  do  you  suppose  that  your 
modified  tensor  has  anything  whatever  to  do  with 
the  intrinsic  structure  of  the  universe?  The  fact 
that  it  allows  certain  kinds  of  non-Euclidean 
geometries  to  exist  is  no  proof  that  nature  allows 
such  kinds  to  exist.  You  have  obtained  it,  I 
suppose,  by  juggling  with  the  Riemann-Christoffel 

[137] 


THREE     MEN    DISCUSS    RELATIVITY 

tensor  in  some  way.  I  have  no  doubt  you  have 
derived  it  in  an  ingenious  manner.  Probably  you 
could  obtain  other  modified  tensors  if  you  tried. 
But  why  am  I  to  suppose  that  any  of  them  repre- 
sent conditions  that  obtain  in  nature? 

Ord.  Int,  Per,:  And  why  is  a  restriction  on  the 
possible  geometries  of  the  world  called  a  law  of 
gravitation? 

Math,  Phys,:  Let  me  take  your  points  in 
order.  We  can,  as  I  have  said,  find  the  mathe- 
matical conditions  that  must  be  obeyed  if  space- 
time  is  to  be  flat.  We  can  also  find  a  set  of  con- 
ditions which  will  admit  of  the  existence  of  a 
flat  space-time  and  also  of  a  group  of  space-times 
which  are  not  flat.  Now  we  are,  if  you  like, 
engaged  in  experimenting.  We  are  trying  to  see 
whether  we  can  account  for  certain  phenomena 
of  nature  in  terms  of  different  concepts  from  those 
that  have  hitherto  been  employed.  Instead  of 
introducing  a  gravitational  force  we  are  trying  to 
account  for  the  observed  motions  of  bodies  in 
terms  of  the  geometry  of  the  space-time  con- 
tinuum. To  do  this  we  must  assume  that  the 
geometry  is  non-Euclidean,  except  at  a  great  dis- 
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tance  from  matter.  We  have  found  a  set  of  con- 
ditions which  fulfil  these  requirements.  We 
propose  to  adopt  them  and  to  determine  their 
consequences.  We  cannot,  I  agree,  demonstrate 
that  the  geometry  of  the  space-time  continuum 
is  governed  by  these  conditions.  But,  if  the 
consequences  of  them  agree  with  observation,  we 
shall  be  justified  in  accepting  them  as  we  are 
justified  in  accepting  any  other  scientific  hypoth- 
esis. The  second  point  is  met  by  considering 
the  purpose  of  our  inquiry.  We  intend  to  explain 
phenomena,  not  in  terms  of  gravitational  forces, 
but  in  terms  of  geometry.  A  law  governing  fields 
of  force,  therefore,  we  shall  interpret  as  a  law 
governing  types  of  geometry.  So  that  in  future 
when  we  speak  of  a  gravitational  field  we  are  not 
referring  to  a  region  of  the  space-time  continuum 
permeated  by  a  force,  but  to  a  region  of  the  space- 
time  continuum  which  possesses  certain  geomet- 
rical properties.  On  the  old  way  of  speaking 
we  should  say  that,  due  to  the  presence  of  the 
sun,  there  is  a  gravitational  field,  meaning  that,  in 
the  neighbourhood  of  the  sun,  a  material  body 
would  move  in  a  certain  way  under  the  influence 
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of  a  pull  from  the  sun.  We  shall  now  say  that, 
in  the  neighbourhood  of  the  sun,  the  interval 
between  two  events  is  expressed  by  a  non-Euclid- 
ean formula,  and  in  that  kind  of  space-time  a 
material  body  naturally  moves  in  the  way  it  is 
observed  to  move.  That  is,  we  say  that  the 
formula  for  ds  is  of  a  certain  kind.  Having  found 
this  formula  we  then  use  the  condition  —  fds  is  a 
maximum  —  to  find  the  motion  of  the  body.  We 
dispense  with  the  notion  of  force  —  at  least  so  far 
as  gravitation  is  concerned. 

Phil.:  Let  us  see  exactly  what  assumptions 
this  way  of  accounting  for  phenomena  rests  upon. 
You  begin  by  saying  that  nature  is  a  sum  of 
events,  and  you  wish  to  find  certain  relations 
between  these  events.  Each  event  requires  for 
its  precise  specification  four  numbers.  You  pro- 
ceed to  define  a  certain  relation  between  two 
neighbouring  events  and  you  call  this  relation  the 
interval.  It  is  analogous  to  distance  in  space. 
You  begin  by  expressing  this  relation  by  the 
formula  ds^  =  dx\  -  dx\  -  dxl  -  dxl.  You  find  that 
if  you  do  this  you  can  identify  x^  with  time  and 
Xiy  X2,  Xs  with  the  three  mutually  perpendicular 
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directions  of  space,  as  measured  in  the  ordinary 
way.  When  this  is  done  the  results  of  the  special 
theory  of  relativity  can  be  deduced.  Since  the 
numbers  Xi,  X2,  Xs,  x^  in  this  formula  correspond 
to  space  and  time  measurements  you  choose  to 
interpret  this  formula  as  defining  the  geometry 
of  the  space-time  continuum.  It  is  astonishing 
that,  from  the  geometry  of  the  space-time  con- 
tinuum, so  much  can  be  deduced  respecting  the 
behaviour  of  natural  phenomena  as  is  deduced  in 
the  special  theory  of  relativity.  But  the  geom- 
etry defined  by  this  formula  is,  it  appears,  a 
Euclidean  geometry  or,  at  least,  a  geometry  very 
like  Euclid's.  Now  you  are  familiar  with  non- 
Euclidean  geometries.  Corresponding  to  every 
one  of  these  geometries  is  an  appropriate  formula 
for  ds,  and  every  one  of  these  geometries  is  a 
particular  case  of  a  certain  general  formula.  This 
formula  is  — 

ds2  =  g,,dxl  +  ^22^^X3  +  gzsdxl  +  g^Ml  +  2gi2dxidx2 
+  2gizdxidxz  -f  2gxdxidXi  +  2gndx2dXi 
+  2g24dx2dx4  +  2gzdx2,dxA. 

where  the  ^'s  are  quantities  which  may  be  con- 
stant or  whose  values  may  depend  on  the  values 
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of  Xi,  X2,  X3,  X4.    Now  if  the  g's  have  the  following 

values :    0^^  =  !;   Qh  =  ^22  =  ^33 1 ;   912  =  gis 

=  914  =  923  =  92^  =  934  =  0,  we  get  the  original 
formula  ds^=dxl  -  dx\  -  dx\  -  dx\y  and  we  are  deal- 
ing with  the  Euclidean  continuum  of  the  special 
theory  of  relativity.  But  it  is  not  necessary  that 
the  gr's  should  have  these  special  values  in  order 
that  ds  may  refer  to  a  Euclidean  continuum.  Very 
different  values  of  the  9'^  may  still  refer  to  the 
same  continuum.  The  mathematicians  have, 
however,  found  that  all  the  sets  of  9'^  which  do 
refer  to  a  Euclidean  continuum  obey  certain 
conditions.  You  express  these  conditions  mathe- 
matically by  saying  that  a  certain  complicated 
expression,  involving  the  ^'s,  and  called  the 
Riemann-Christoffel  tensor,  vanishes.  So  that  if 
we  know  the  values  of  a  set  of  ten  9'^,  and  sub- 
stitute these  values  in  the  Riemann-Christoffel 
tensor,  then,  if  the  tensor  turns  out  to  have  the 
value  zero,  we  are  dealing  with  a  Euclidean  con- 
tinuum and,  if  the  tensor  does  not  turn  out  to  be 
zero,  then  we  are  dealing  with  some  kind  of  non- 
Euclidean  continuum.    If  we  are  going  to  assume 
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that  the  space-time  continuum  is  non-Euclidean, 
therefore,  we  cannot  make  it  a  condition  that  the 
^'s  make  the  Riemann-Christoffel  tensor  zero. 
But  if  we  cannot  assume  that  the  Riemann- 
Christoffel  tensor  is  to  be  zero,  what  conditions 
can  we  impose  on  the  g's?  What  non-Euclidean 
geometry  are  you  going  to  assume? 

Math.  Phys.:  No  one  non-Euclidean  geometry. 
That  is,  we  assume  no  one  definite  non-Euclidean 
geometry  which  is  to  be  applied  to  the  whole 
universe. 

Phil.:  Precisely.  You  want,  as  it  were,  a  very 
flexible  general  geometry  so  that  at  great  dis- 
tances from  all  matter  and  radiant  energy  it  can 
be  Euclidean  and,  in  the  neighbourhood  of  matter 
and  radiant  energy  it  can  be  non-Euclidean.  But 
not  one  particular  kind  of  non-Euclidean.  The 
kind  of  non-Euclidean  geometry  is  to  vary  accord- 
ing to  the  distribution  of  matter  and  energy  you 
are  considering.  So  that  you  intend  to  dower  the 
space-time  continuum  with  different  geometries 
in  different  parts  of  it. 

Math.  Phys.:  Exactly. 
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Phil.:  At  the  same  time,  you  do  not  allow  the 
occurrence  of  just  any  kind  of  non-Euclidean 
geometry. 

Math.  Phys.:  No. 

Phil.:  So  that  the  g's  cannot  have  just  any 
values. 

Math.  Phys.:  No. 

Phil.:  And  you  have,  I  understand,  found  a 
set  of  conditions  such  that,  if  the  g^s  obey 
them,  you  can  have  Euclidean  geometry  and 
also  a  limited  variety  of  non-Euclidean  geome- 
tries. 

Math.  Phys.:  Precisely.  And  that  set  of  con- 
ditions is  called  Einstein's  Law  of  Gravitation. 

Phil.:  Well,  now,  first  of  all,  that  this  set  of 
conditions  corresponds  to  anything  in  nature  is 
an  assumption. 

Math.  Phys.:  Yes.  To  be  tested,  like  every 
other  scientific  assumption,  by  its  consequences. 

Phil.:  Secondly,  you  use  it  in  conjunction  with 
another  assumption,  namely,  that  the  invariable 
law  governing  the  motion  of  a  body  not  subject 
to  impacts  in  this  space-time  continuum  is  that 
the  interval  between  two  distant  events  in  the 
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history  of  that  body  is  to  be  a  maximum.    Why 
have  you  chosen  these  assumptions? 

Math.  Phys.:  Well,  the  conditions  for  the  g% 
the  conditions  which  give  Einstein's  law  of  gravi- 
tation are,  mathematically,  the  most  simple  set  of 
conditions  we  can  get,  if  we  reject  the  vanishing 
of  the  Riemann-Christoffel  tensor  as  too  strict  a 
condition,  that  is,  if  we  decide  that  the  space- 
time  continuum  is  not  to  be  Euclidean  everywhere. 
We  work  out  the  consequences  of  these  conditions 
first,  therefore,  before  proceeding  to  more  com- 
plicated conditions.  As  a  matter  of  fact,  we  shall 
see  later  that  there  are  deeper  reasons  for  select- 
ing these  particular  conditions,  but  we  may  at 
present  regard  their  selection,  as  it  was  originally, 
as  an  assumption  to  be  justified  by  its  conse- 
quences. The  second  assumption,  respecting  the 
law  governing  the  motion  of  a  body,  has  also 
reasons  that  we  will  discuss  later.  But  at  present 
we  may  regard  it  as  a  natural  extension  to  non- 
Euclidean  continua  of  a  law  which  is  known,  to 
a  high  degree  of  approximation,  to  hold  good  for 
a  Euclidean  continuum.  Further,  we  shall  take 
this  law  as  giving  us  a  clue  to  the  metrical  con- 
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ditions  of  the  continuum  in  which  the  body  is 
moving,  and  forego  direct  measurements  made 
with  scales  and  clocks.  But  the  observed  motion 
of  a  freely  moving  body,  relative  to  some  system 
of  co-ordinates  is  not,  by  itself,  suflBicient  to  deter- 
mine the  metric  properties  of  the  continuum. 
So  we  must  introduce  a  further  condition.  We 
saw,  in  discussing  the  special  theory  of  relativity, 
that  the  interval  between  two  events  in  the 
history  of  a  light  ray  is  zero,  that  is,  ds  =  0  for 
light.  We  shall  assume  this  condition  to  be 
generally  true.  In  order,  therefore,  in  any  par- 
ticular case,  to  obtain  the  values  of  the  g's  from 
directly  observable  phenomena,  we  shall  assume 
that,  for  a  moving  body  not  subject  to  impacts 
jds  is  a  maximum  and,  for  a  ray  of  light,  ds  =  0. 

Ord.  Int.  Per. :  You  have  said  that  the  assump- 
tions made  by  the  new  theory  of  gravitation  are 
to  be  justified  by  their  consequences.  But  does 
not  Newton's  theory  of  gravitation  give  an  exact 
account  of  observed  phenomena  and  must  not 
the  new  theory,  therefore,  lead  to  the  same  results 
as  Newton's? 

Math.  Phys.:  Newton's  theory  gives  so  accu- 
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rate  an  account  of  phenomena  that  it  is  certain 
that  the  new  theory,  if  it  is  to  be  accepted,  must 
lead  to  results  which  are,  at  most,  very  little 
different  from  the  results  calculated  on  Newton's 
theory.  It  is  strongly  in  favour  of  the  new 
theory,  therefore,  that  in  practically  every  case  it 
leads  to  results  which  cannot  be  observationally 
distinguished  from  those  of  Newton's  theory. 
There  are  three  cases,  however,  where  Einstein's 
theory  leads  to  results  which  do  not  agree  with 
the  Newtonian  theory.  In  each  of  these  three 
cases  observations  agree  with  Einstein's  theory 
and  not  with  Newton's.  The  first  case  in  which 
Einstein's  theory  shows  its  superiority  is  in  con- 
nection with  the  motion  of  perihelion  of  Mer- 
cury's orbit.  According  to  Newton's  theory,  a 
planet,  if  not  disturbed  by  the  influence  of  other 
planets,  should  move  round  the  sun  in  an  ellipse. 
On  Einstein's  theory  such  an  isolated  planet 
would  not  move  accurately  in  an  ellipse.  The 
actual  orbit  would  be  that  of  a  rotating  ellipse, 
so  that  the  perihelion,  that  is,  the  point  of  the 
ellipse  nearest  to  the  sun,  would  itself  move  in 
the    direction    of    the    planet's    motion.    This 
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motion  of  perihelion  is  very  slow.  In  the  case  of 
a  planet  like  the  earth  this  advance  of  perihelion 
would  be  very  difficult  to  observe,  for  the  orbit  is 
so  nearly  circular  that  the  point  of  perihelion 
is  very  ill  defined.  The  most  markedly  elliptical 
orbit  in  the  solar  system  is  the  orbit  of  Mercury, 
and  here  an  advance  of  perihelion  had  long  been 
observed.  Now,  even  according  to  the  New- 
tonian law  an  advance  of  perihelion  of  Mercury's 
orbit  was  to  be  expected,  due  to  the  influence  of 
the  other  planets  of  the  solar  system.  This  ex- 
pected advance  was  532  seconds  of  arc  per  cen- 
tury. The  observed  advance  of  perihelion  is  574 
seconds  of  arc  per  century.  Thus  there  is  an 
advance  of  42  seconds  of  arc  per  century  un- 
accounted for  by  calculations  based  on  Newton's 
law  of  gravitation.  Now  the  advance  of  peri- 
helion for  Mercury  due  to  the  fact  that  its  orbit 
is  not  exactly  an  ellipse,  as  calculated  by  Ein- 
stein's theory,  is  43  seconds  of  arc  per  century. 
As  you  see,  the  concordance  is  very  striking,  and 
strongly  inclines  one  to  admit  the  validity  of 
Einstein's  assumptions.  The  second  case  is  con- 
cerned with  the  deflection  light  experiences  in 
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passing  through  a  gravitational  field.  It  is  a 
consequence  of  the  theory  of  relativity  that  light 
is  propagated  strictly  in  straight  lines  only  in  a 
region  remote  from  all  matter.  A  ray  of  light 
from  a  distant  star,  in  passing  close  by  the  sun, 
should  undergo  a  certain  deflection.  Hence  the 
star  should  appear  to  be  displaced  by  a  certain 
amount.  The  amount  of  this  deflection  can  be 
calculated,  but,  obviously,  it  cannot  usually  be 
observed  because  when  the  sun  is  in  the  heavens, 
stars,  or  certainly  those  in  its  neighbourhood, 
cannot  be  observed.  It  is  only  during  an  eclipse 
that  stars  in  the  line  of  sight  of  the  sun  become 
visible.  As  a  result  of  two  eclipse  expeditions  the 
deflection  predicted  by  Einstein's  theory  has 
actually  been  observed.  It  may  be  mentioned 
that  Newton's  theory  also  will  give  a  certain 
deflection.  This  is  so  since  light  is  a  form  of 
radiant  energy,  and,  as  we  have  seen,  mass  and 
energy  are  convertible  terms.  Hence  mass  may 
be  attributed  to  light  and  it  may  be  assumed  to 
be  subject  to  the  attractive  force  of  Newton's 
theory  of  gravitation.  But  the  deflection  so  cal- 
culated is  only  one-half  of  that  predicted  by  Ein- 
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stein's  theory.  The  actual  observations  made  at 
the  two  eclipses  leave  no  doubt  that  the  deflection 
has  the  value  predicted  on  Einstein's  theory  and 
not  that  predicted  on  Newton's  theory.  The 
third  case  concerns  the  time  of  vibration  of  an 
atom  on  the  sun  compared  with  a  similar  atom 
on  the  earth.  It  can  be  shown  that  an  atom  on 
the  sun  should  vibrate  more  slowly  than  an  atom 
on  the  earth,  owing  to  the  greater  intensity  of  the 
sun's  gravitational  field.  The  lines  in  the  solar 
spectrum,  therefore,  compared  with  the  lines 
emitted  by  the  same  elements  on  earth,  should 
appear  displaced  towards  the  red  end  of  the  spec- 
trum. This  result,  also,  has  been  confirmed  by 
observation. 
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SPACE-TIME   AND    MATTER 

Math.  Phy^.:  I  now  wish  to  describe  the  posi- 
tion occupied  by  matter  in  the  new  theory.  We 
have  seen  that  the  empty  space-time  continuum 
in  the  region  of  matter  enjoys  geometrical  proper- 
ties which  differ  according  to  the  distribution  of 
matter  in  the  region.  It  is  therefore  natural  to 
regard  matter  as  an  extraneous  substance  existing 
in  space-time  and  somehow  modifying  its  geomet- 
rical properties  in  a  certain  way.  We  suppose, 
in  accordance  with  our  ordinary  habits  of  thought, 
that  space-time  is  one  thing  and  matter  is 
another.  It  is  true  that  we  have  shown  that  there 
is  an  action  of  matter  on  space-time  which  was 
not  suspected  by  the  older  theories,  but,  although 
the  distinction  between  them  has  become  a  little 
confused,  we  still  suppose  that  matter  is  some- 
thing essentially  different  from  space-time.  I 
wish  now  to  suggest  to  you  that  we  need  not 
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continue  to  think  in  this  way.  We  begin  by  con- 
sidering the  universe  as  consisting  of  point-events. 
Between  every  pair  of  events  there  is  a  funda- 
mental relation  we  have  called  the  interval.  By 
giving  this  relation  mathematical  expression  we 
have  obtained  the  quantities  we  have  denoted  by 
S'li,  g22y  etc.  From  these  quantities  we  can,  by 
purely  mathematical  analysis,  obtain  a  number 
of  others.  Now  let  us  consider  what  the  concepts 
of  matter,  energy,  momentum,  stress,  mean  to  us 
in  physical  science.  They  are  entities  which  have 
been  observed  to  obey  certain  relations.  Mass  or 
energy,  for  instance,  obey  the  relation  expressed 
by  saying  that  it  is  conserved.  This  relation 
can  be  given  mathematical  expression.  Now, 
amongst  the  mathematical  expressions  derived 
from  the  g'^  is  one  which  obeys  precisely  this  rela- 
tion. It  obeys  the  relation  of  conservation.  In 
the  one  case  we  use  certain  symbols  standing  for 
such  concepts  as  density,  velocity,  energy,  and  so 
on.  We  form  equations  in  which  these  symbols 
appear,  and  these  equations  summarise  the  ob- 
served behaviour  of  the  entities  we  have  called 
density,  energy,  and  so  on.    These  equations  are 
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said  to  express  laws  of  nature.  In  the  other  case 
we  have  a  different  set  of  symbols  referring 
apparently  to  a  quite  different  class  of  concepts 
namely,  concepts  derived  from  the  fundamental 
interval  relation  we  have  postulated.  It  is  found 
that  these  symbols  obey  exactly  the  same  rela- 
tions as  the  symbols  representing  density  and 
the  like.  May  we  not,  then,  identify  these  sym- 
bols? All  the  mathematical  expressions  derived 
from  the  g's  refer  to  the  space-time  continuum. 
An  equation  satisfied  by  one  of  these  expressions 
represents  a  certain  property  of  space-time  —  it 
may  mean,  for  instance,  interpreting  the  expres- 
sion geometrically,  that  where  that  equation  holds 
good,  the  space-time  continuum  has  a  certain 
curvature.  We  find  that  exactly  the  same  equa- 
tion indicates  to  us,  it  may  be,  that  matter  is 
present.  Cannot  we  say,  therefore,  that  space- 
time  being  curved  in  this  way  means  that  matter 
is  present,  or  that  matter  being  present  means 
that  space-time  is  curved  in  this  way?  Consider, 
for  instance,  a  piece  of  matter.  It  has  certain 
properties  which  interest  us,  as  physicists.  It 
has,    for    instance,    density,    velocity,    internal 
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stresses,  and  so  on.  These  physical  quantities 
obey  certain  mathematical  relations.  Now  we 
can  form  from  the  ^'s  a  mathematical  expression 
which  has  as  many  components  as  there  are 
physical  quantities  belonging  to  the  piece  of 
matter.  And  these  components  obey  exactly  the 
same  mathematical  relations  as  do  the  physical 
quantities.  May  we  not  say,  therefore,  that  these 
components  express  certain  features  of  the  space- 
time  continuum  which  manifest  to  us  as  density, 
stress,  and  the  like? 

Phil.:  I  am  not  quite  clear  as  to  what  you 
mean.  The  equations  obeyed  by  physical  quanti- 
ties such  as  density  and  so  on,  summarise  our 
experience  of  matter.  They  are  the  result  of 
observation.  Are  your  mathematical  expressions, 
derived  from  the  g's,  observed  to  obey  these  same 
equations,  for,  if  so,  what  is  it  you  observe? 

Math.  Phys.:  No.  Obviously  not.  I  am  sug- 
gesting that  we  observe  the  mathematical  com- 
ponents when  we  observe  the  physical  quantities. 
If  the  mathematical  components  had  any  different 
existence,  susceptible  to  observation,  they  obvi- 
ously would  not  be  the  physical  quantities.    No, 
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the  mathematical  components  obey  their  equa- 
tions by  mathematical  necessity. 

Phil.:  Then,  if  they  are  the  physical  quantities, 
the  physical  quantities  must  obey  the  observed 
laws  of  nature  by  mathematical  necessity. 

Math.  Phys.:  Precisely.  The  observed  laws 
of  material  behaviour  are  a  necessary  consequence 
of  the  existence  of  the  interval  relation. 

Ord.  Int.  Per.:  Is  the  existence  of  matter  a 
necessity  also? 

Math.  Phys.:  Ah!  now  you  raise  a  question 
which  is  concerned  with  the  very  nature  of  our 
minds.  All  I  can  say  is  that,  granted  a  universe 
of  which  we  can  postulate  the  interval  relation, 
then  there  are  certain  aspects  of  that  universe 
which  will  have  the  quality  of  permanence.  Our 
mind,  it  appears,  pays  particular  attention  to 
these  aspects.  I  don't  know  why.  It  singles 
them  out,  and  dowers  them  with  substantiality, 
giving  them  names  such  as  matter,  energy, 
momentum. 

Ord.  Int.  Per.:  But  could  there  be  any  mind 
for  which  matter  did  not  exist? 

Math.  Phys.:    You  mean,  can  I  grant  the  pos- 
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sible  existence  of  a  mind  not  specially  interested 
in  those  aspects  of  the  universe  which  obey  the 
condition  of  permanence?  Certainly  I  can.  I 
have  not  the  faintest  idea  what  it  would  be  like, 
but  it  is  no  more  difficult  to  admit  as  a  possibility 
than  to  admit  the  existence  of  minds,  like  our  own, 
which  are  interested  in  the  permanent. 

Ord.  Int.  Per,:  Then  matter  does  not  really 
exist? 

Math.  Phys.:  Of  course  it  does.  It  is  indubi- 
tably an  element  of  the  universe. 

Phil.:  I  think  our  friend  means  to  say  that 
matter  does  not  exist  apart  from  our  minds.  It 
seems  to  me,  that,  taking  your  own  theory,  you 
must  admit  that  he  is  partly  right.  Without 
going  into  metaphysics  at  all  it  seems  to  me  that 
what  is  matter  on  your  theory,  these  mathematical 
components,  need  not  in  the  least  have  appeared 
to  us  as  matter. 

Math.  Phys.:  Certainly  they  must  have  done 
so,  for  matter  is  only  something  which  obeys 
certain  relations,  namely,  the  relations  obeyed  by 
the  mathematical  components  I  have  mentioned. 
But  I  have  already  said  that  I  can  grant  the  exist- 
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ence  of  minds  for  which  these  relations  are  of  no 
special  interest. 

Ord.  Int.  Per.:  Then  for  those  minds  matter 
would  not  exist? 

Math.  Phys.:   No. 

Ord.  Int.  Per:  But,  you  say,  matter  would 
nevertheless  exist? 

Math.  Phys.:  It  would  exist  for  such  minds  in 
the  same  sense  that  certain  aspects  of  the  uni- 
verse exist  which  we  do  not  perceive.  From  the 
fundamental  interval  relation  we  can  obtain 
mathematical  expressions  which  express  properties 
of  the  space-time  continuum,  but  properties  of 
which  we  seem  to  have  no  direct  perception.  We 
can  say,  nevertheless,  that  these  properties  exist. 

Phil.:   I  am  not  sure  that  you  can. 

Math.  Phys.:  Well,  I  can  say  that  they  exist 
in  the  sense  that  they  are  logical  consequences 
of  the  existence  of  the  interval  relation.  I  do 
not  wish  to  discuss  this  point  more  fully.  I 
am  not  at  all  sure,  myself,  that  consequences  of 
certain  axioms  exist  in  the  same  sense  that  undis- 
covered minor  planets  exist,  for  example.  But  it 
would  take  me  too  far  from  my  present  purpose 
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to  go  into  the  philosophical  discussion.  What  I 
am  certain  of  is  that  two  factors  are  concerned  in 
the  existence  of  the  material  universe  we  know, 
the  fundamental  interval  relation  and  the  nature 
of  the  human  mind.  Into  the  implications  of  that 
remark  I  do  not  care  to  enter. 

Ord.  Int.  Per.:  You  have  said  that  the  laws  of 
nature  or,  at  any  rate,  the  laws  of  mechanics,  are 
mathematically  necessary.  Do  you  mean  that 
the  world  could  not  be  other  than  it  is? 

Math.  Phys.:  One  could  almost  say  that  the 
laws  of  mechanics  are  a  consequence  of  the  mind's 
attempt  to  discover  something  permanent  in  the 
universe.  The  law  of  conservation,  which  ex- 
presses permanence,  does  not  hold  except  in  the 
space-time  system  we  have,  in  fact,  adopted,  the 
space-time  system  I  explained  to  you  in  discussing 
the  special  theory  of  relativity.  Is  it  too  much 
to  say  that  the  mind's  recognition  of  space  and 
time,  and  of  the  sort  of  space  and  time  it  does 
recognise,  is  due  to  its  search  for  something  per- 
manent in  the  world?  When  the  mind  has 
achieved  this  feat,  when  permanence  can  be  pred- 
icated of  some  aspect  of  the  universe,  then  it 
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appears  that  the  laws  of  mechanics  are  a  necessary 
consequence  of  this  achievement.  It  appears 
also,  on  this  more  advanced  view,  that  Einstein's 
law  of  gravitation  for  empty  space  is  not  a  restric- 
tion on  the  fundamental  structure  of  the  world. 
It  receives  a  new  interpretation.  The  law  of 
gravitation  for  empty  space  merely  means  that 
matter  is  not  present.  The  law  of  gravitation  for 
empty  space  may  be  expressed  by  saying  that 
certain  mathematical  expressions,  derived  from 
the  interval  relation,  are  zero.  If  this  is  true  then 
we  are  dealing  with  a  vacuum.  But  if  it  is  not 
true  we  are  not  dealing  with  a  vacuum,  but 
matter  is  present. 

Phil.:  Then  Einstein's  law  of  gravitation,  on 
this  new  view,  must  not  be  interpreted  as  saying 
that  only  certain  kinds  of  geometry  can  be  applied 
to  the  space-time  continuum.  Any  kind  of 
geometry  can  be  applied? 

Math,  Phys.:  Yes.  But  when  certain  kinds  of 
geometry  become  applicable,  we  say  it  is  an  indi- 
cation that  matter  is  present.  The  geometry  of 
a  region  continuously  filled  with  matter  might 
be  anything  —  depending,  of  course,  on  the  values 
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of  the  physical  quantities  defining  the  matter. 
As  a  matter  of  fact  some  kinds  of  geometries,  even 
so,  are  not  applicable  to  nature  as  we  know  it. 
We  could,  for  instance,  find  that  a  certain  kind  of 
geometry  could  only  correspond  to  matter  having 
a  density  much  greater  than  any  which  has  been 
observed. 

Ord.  Int.  Per.:  By  identifying  matter  with  a 
local  peculiarity  of  the  space-time  continuum  do 
you  account  for  all  the  known  properties  of 
matter? 

Math.  Phys.:  No,  it  must  be  confessed  that  our 
identification  extends  so  far  not  to  the  whole 
complex  of  properties  we  call  matter,  but  only  to 
its  mechanical  properties.  Our  theory  throws  no 
light,  for  instance,  on  the  atomic  constitution  of 
matter. 

Phil.:  Nor,  I  suppose,  on  the  phenomena  of 
living  matter,  to  say  nothing  of  the  fact  that 
consciousness  seems  to  be  associated  with  certain 
material  structures,  to  wit,  our  brains? 

Math.  Phys.:  No,  our  theory  throws  no  light 
on  these  properties  of  matter. 

Phil.:  So  that  your  mathematical  expression, 
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derived  from  the  interval  relation,  does  not,  after 
all,  play  the  part  of  matter  in  a  completely  con- 
vincing fashion.  You  are  talking  merely  of 
matter  as  it  concerns  the  physicist  —  a  mechanical 
abstraction.  Matter,  as  it  concerns  the  biologist 
and  psychologist,  does  not  enter  your  scheme. 

Math.  Phys,:  Not  yet.  And,  as  I  have  said, 
matter,  even  as  it  presents  itself  to  the  physicist, 
is  not  completely  derivable  from  the  interval 
relation.  There  remains  the  enigma  of  its  dis- 
continuous structure. 

Phil.:  I  am  not  quite  clear  as  to  the  logic  of 
your  exposition,  even  so  far  as  you  have  geom- 
etrised  matter.  You  have  certainly  been  talk- 
ing about  the  space-time  continuum  as  if  it  were 
an  objective  entity.  This  entity  possesses,  it 
appears,  different  geometrical  properties  in  dif- 
ferent regions.  In  some  regions,  where  it  has 
a  particular  kind  of  structure,  our  organs  of  per- 
ception interpret  that  fact  by  saying  that  matter 
is  present.  In  other  regions,  possessing  a  differ- 
ent structure,  we  say  that  there  is  a  vacuum.  But 
this  space-time  continuum,  that  you  thus  make 
the    fundamental    substratum    of    the    material 
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universe,  was  introduced  by  you,  not  as  an  objec- 
tive entity,  but  as  a  device  useful  in  ordering  and 
making  coherent  the  data  of  experience.  It  is 
convenient  to  assume  this  method  of  representing 
experience,  as  we  might  assume  a  Euclidean  plane 
in  which  to  represent,  graphically,  the  relations 
between  the  pressure  and  volume  of  a  gas.  But 
if  your  space-time  continuum  is  no  more  than 
that,  what  precisely  do  you  mean  by  saying  that 
matter  is  a  peculiarity  of  this  continuum? 

Math.  Phys.:  When  you  speak  of  space-time 
you  are  probably  giving  the  term  a  richer  content 
than  I  give  it.  The  "  space-time  '*  of  the  physi- 
cist may  be  like  the  "  matter  ^'  of  the  physicist. 
Just  as  the  "  matter  "  of  the  physicist  is  not  an 
adequate  summary  of  all  we  mean  by  matter  — 
in  our  capacities  as  biologists  and  psychologists 
—  so  the  space-time  of  the  physicist  may  not  be 
completely  adequate  to  the  space-time  of  experi- 
ence. But  I  am  talking  about  a  physical  theory, 
a  theory  belonging  to  the  science  of  physics.  I 
am  not  attempting  to  construct  a  world  philos- 
ophy. I  am  limiting  myself  to  certain  aims,  and 
I  am  not  concerned  with  space  and  time  except  in 
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SO  far  as  these  words  mean  the  kind  of  relations 
I  am  interested  in.  As  a  human  being  I  have  an 
apparently  unconquerable  psychological  predis- 
position to  mean  more  by  space  and  time  than  the 
mere  sets  of  measurable  relations  these  terms 
mean  to  me  in  physics.  But  let  us  look  again  at 
our  fundamental  assumptions.  We  start  with  a 
world  of  point-events.  We  do  not  define  a  point- 
event.  Every  theory  must  begin  with  undefin- 
ables.  The  word  point-event  calls  up  to  our 
minds  the  conception  of  a  point  at  an  instant,  that 
is,  it  makes  appeal  to  the  concepts  space  and  time. 
But,  to  begin  with,  we  must  not  allow  the  word 
to  do  that.  The  notions  of  space  and  time  are 
not  to  be  employed  at  present.  Whatever  point- 
events  may  be  we  say  that  the  total  aggregate  of 
all  point-events  is  the  world,  and,  further,  we  say 
that  the  world  is  four-dimensional.  This  means 
that  every  point-event  has,  corresponding  to  it,  a 
set  of  four  numbers.  We  shall  further  assert  that 
between  every  pair  of  point-events  is  a  certain 
relation  called  the  interval.  We  cannot  say  what 
is  the  real  nature  of  this  relation  any  more  than 
we  can  say  what  is  the  real  nature  of  a  point- 
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event.  But  just  as  a  point-event  has  a  group  of 
four  numbers  associated  with  it,  so  the  interval 
relation  has  a  numerical  aspect.  We  can  write 
down  a  formula  expressing  this  numerical  aspect 
of  the  interval  relation.  Now,  having  done  this, 
we  find  that  we  can  give  this  formula  a  geomet- 
rical interpretation,  that  is,  we  use  the  notion  of  a 
spatio-temporal  displacement  to  represent  this 
relation.  The  reason  is  psychological,  and 
physics  is  not  concerned  with  it.  It  is  not,  so  far 
as  we  can  see,  necessary  that  we  should  represent 
this  aspect  of  the  interval  relation  to  ourselves  in 
this  way.  It  is  a  tendency  of  the  mind,  but, 
although  more  fundamental  and  persistent,  it  may 
be  a  tendency  like  the  tendency  to  refer  certain 
phenomena  to  "  forces,''  from  which  the  mind  can, 
at  least  partially,  emancipate  itself.  However 
that  may  be,  it  is  at  this  point  that  space  and  time 
enter  physics.  That  the  ultimate  indefinables  of 
the  world  have  relations  which  bestow  a  struc- 
ture on  the  world  is  all  that  we  have  assumed. 
That  our  fundamental  relation,  the  interval  rela- 
tion, can  be  represented  geometrically  as  a  spatio- 
temporal  relation,  is  a  further  assumption. 
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Phil:  Might  it  not  be  that  the  incompleteness, 
which  you  have  admitted,  of  your  derivation  of 
matter  from  this  fundamental  relation  is  due  to 
your  assumption  that  it  can  be  represented, 
exhaustively,  as  a  spatio-temporal  relation? 

Math.  Phys.:  That  may  well  be.  It  is  possible 
that  space  and  time  are  conceptions  which  are, 
as  it  were,  too  crude  for  physics. 

Ord,  Int.  Per.:  Perhaps  you  will  have  to  find 
out  more  about  the  real  nature  of  the  interval 
relation  of  which  you  say  you  know  nothing  but 
its  numerical  aspect. 

Math.  Phys.:  That,  I  am  afraid,  would  lead 
us  into  philosophy,  and  outside  what  has  hitherto 
been  meant  by  physics. 

Ord.  Int.  Per.:  But  why  should  not  physics 
grow  in  such  a  way  that  it  does  become  something 
different?  Who  can  say  within  what  limits 
physics  must  be  confined?  Why  should  not 
physics  find,  for  instance,  that  as  it  continues 
to  study  matter,  it  is  also  really  studying 
mind? 

Phil.:  It  certainly  seems  possible  to  me. 
There  are  already  philosophers  who  think  that 
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matter  and  mind  are  different  arrangements  of 
the  same  fundamental  "  neutral  stuff." 

Math.  Phys. :  Then  it  is  only  one  class  of  these 
arrangements  with  which  physics  is  concerned, 
the  class  that  is  matter. 

Phil.:  Why  should  you  suppose  that  the  two 
classes  of  arrangements  are  entirely  independent 
of  one  another? 

Math.  Phys.:  We  have  talked  enough  philos- 
ophy, I  think.  Let  us  get  back  to  what  does 
certainly  belong  to  the  science  of  physics.  You 
will  notice  that,  in  postulating  the  interval  rela- 
tion between  point-events,  I  have  not  said  any- 
thing about  its  measurability  with  scales  and 
clocks.  We  have  started  by  postulating  a  con- 
tinuum of  four  dimensions  where  pairs  of  points 
are  connected  by  a  relation  I  have  called  the 
interval.  Our  object  is  to  work  out  the  mathe- 
matical properties  of  this  continuum,  and  to  see 
whether  the  continuum,  so  developed,  throws  any 
light  on  the  real  world.  In  order  that  we  may  do 
so  we  must,  at  some  point,  identify  the  quantities 
occurring  in  our  mathematical  analysis  with  quan- 
tities which  occur  in  experience.    In  the  exposi- 
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tion  I  have  just  given  you  we  can  delay  making 
the  identification  until,  in  the  course  of  our  analy- 
sis, we  have  arrived  at  the  quantities  which  we 
have  identified  with  energy,  stress,  and  so  forth. 
Until  we  make  this  identification  we  simply  go  on 
obtaining  one  mathematical  expression  after 
another,  none  of  which  have  any  meaning  except 
as  being  logical  consequences  of  our  postulates. 
We  have  delayed  making  this  identification  until 
we  have  arrived  at  an  expression  which  shall 
serve  as  matter,  and  by  doing  so  we  have  obtained 
light  on  the  role  played  by  space  and  time  in  the 
theory.  If  we  had  identified  the  interval,  directly 
we  had  obtained  it,  with  a  quantity  measured  by 
scales  and  clocks,  we  should  already  have  intro- 
duced the  notions  of  space  and  time  and  also 
of  matter,  since  scales  and  clocks  are  material 
appliances.  The  delay,  therefore,  is  logically 
justifiable.  The  first  point  where  we  make  con- 
tact with  the  real  world  is  in  identifying  a  certain 
expression  as  matter.  Our  grounds  for  making 
this  identification  are  that  the  expression  we  reach 
obeys  the  law  of  conservation.  Having  done  this 
we  see  at  once  that  Einstein's  law  of  gravitation 
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for  empty  space  is  merely  an  expression  of  the 
fact  that  empty  space  is  empty,  that  is,  that  there 
is  a  complete  absence  of  anything  we  could  per- 
ceive as  matter.  In  our  previous  discussions  we 
have  obtained  a  quantity,  the  interval,  which  is 
the  result  of  measurements  made  with  matter. 
It  remains  to  be  seen  whether  the  interval  we 
have  now  postulated  is  the  same  as  the  interval 
we  obtained  by  measurement,  that  is  to  say,  we 
have  to  see  whether  matter,  as  defined  by  the 
mathematical  expression  we  have  obtained  from 
our  postulates,  can  bring  us  to  the  interval  re- 
garded as  the  result  of  measurements  made  with 
this  matter.  But  before  entering  upon  this  we 
must  consider  the  question  as  to  whether  the 
universe  is  infinite  or  finite. 

Phil.:  Before  you  go  on  to  consider  what  sounds 
a  very  interesting  question  I  should  like  to  know 
whether  your  mathematical  expression,  which 
plays  the  part  of  matter,  is  unique.  The  only 
reason  you  have  given  for  supposing  it  to  be 
matter  is  that  it  obeys  the  law  of  conservation. 
Can  you  derive  any  other  mathematical  expres- 
sions which  also  obey  this  law?  _ 
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Math.  Phys.:  Yes,  we  can  derive  other  more 
complicated  mathematical  expressions  which  also 
obey  the  law  of  conservation.  But  since  they 
obey  the  same  law  there  is  no  advantage  in  em- 
ploying them.  If  they  express  the  same  set  of 
relations  then,  for  our  purpose,  they  are  the  same 
thing.  It  is  true  that  these  more  complicated 
expressions  might,  even  so,  give  a  different  law 
of  gravitation,  that  is,  the  solutions  which  make 
them  equal  to  zero  might  give  different  geomet- 
rical properties  for  empty  space.  But  it  can  be 
shown  that  the  solutions  which  satisfy  Einstein's 
law  also  satisfy  these  more  complicated  laws. 
Other  solutions,  which  satisfy  these  more  com- 
plicated expressions  but  which  do  not  satisfy 
Einstein's  law,  do  not  seem  to  occur  in  nature. 
And  any  differences  which  might  occur  are  too 
small  to  be  observed.  But  I  am  about  to  discuss 
with  you  a  modification  of  Einstein's  law  which 
Einstein  himself  has  made,  and  which  leads  to  the 
conclusion  that  our  universe  is  spatially  finite 
although  it  is  unbounded. 

Ord.  Int.  Per.:  What  is  the  difference  between 
being  finite  and  being  unbounded? 
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Math.  Phys.:  I  can  illustrate  the  idea  by  ask- 
ing you  to  imagine  a  spherical  surface.  A  being 
confined  to  this  surface  can  move  in  any  direction 
on  the  surface  without  encountering  any  bound- 
ary. Nevertheless  the  area  of  the  surface  —  the 
''  space  "  of  the  being  —  is  finite.  The  expression 
for  the  distance  ds  between  two  points  belonging 
to  the  two-dimensional  space  which  is  the  surface 
of  a  sphere  involves  two  variables,  and  a  constant 
which  is  the  radius  of  the  sphere.  We  may 
extend  this  for  a  three-dimensional  spherical 
surface  involving  three  variables  and  a  constant 
which  we  can  interpret  as  a  radius  of  curvature. 
The  complete  expression  for  the  interval  is,  of 
course,  four-dimensional,  involving,  besides  the 
three  variables  pertaining  to  the  spherical  space, 
a  variable  pertaining  to  time.  Einstein  suggests 
that  our  space,  considered  on  the  grand  scale,  is 
of  this  kind.  The  presence  of  matter  means  that 
space  is  not  strictly  homogeneous.  It  is  only 
when  we  consider  space  as  a  whole  that  we  can 
describe  it  by  this  spherical  formula.  According 
to  this  theory  the  volume  of  space  is  finite,  but 
there  is  no  boundary.    Every  point  stands  in  the 

[170] 


SPACE-TIME    AND    MATTER 

same  relation  to  the  rest  of  space  as  every  other 
point. 

Ord.  Int,  Per,:  What  is  the  purpose  of  this 
theory?  What  reason  is  there  for  supposing  that 
space  is  finite? 

Math.  Phys.:  The  reason  is  connected  with  a 
problem  I  discussed  with  you  in  our  first  dialogue. 
I  there  made  it  an  objection  to  Newton's  theory 
that  the  property  of  inertia  was  regarded  as  some- 
thing absolute.  Newton  supposed  that  a  solitary 
particle  of  matter,  supposing  no  other  matter  to 
exist  in  the  universe,  would  possess  the  property 
of  inertia  and  further,  its  inertia  would  remain 
unaltered  supposing  the  rest  of  the  material 
universe  were  to  come  into  existence.  This  belief 
leads  to  consequences  which  offend  one  of  our 
cardinal  principles,  namely,  that  the  relation  of 
cause  and  effect  should  only  be  postulated  to  exist 
between  observable  facts.  Now  our  theory  of 
gravitation,  as  we  have  hitherto  developed  it, 
supposes  that,  at  a  great  distance  from  matter, 
space-time  is  flat,  that  is,  that  it  has  the  character- 
istics attributed  to  it  in  the  special  theory  of 
relativity.    We  have  assumed  that  space-time  is 
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infinite  and  that  the  limiting  conditions  for  space- 
time  at  infinity  are  that  space-time  is  fiat.  Now 
the  inertia  of  a  solitary  particle  in  such  a  space- 
time  would  have  a  value  very  little  different  from 
its  value  in  the  presence  of  other  matter.  Thus 
we  have  assumed  that  although  the  inertia  of  a 
particle  can  be  influenced  by  the  presence  of 
other  matter  it  is  not  conditioned  by  it.  Thus,  if . 
we  demand  that  inertia  shall  be  relative,  this 
assumption  is  unsatisfactory.  We  cannot,  in 
accordance  with  our  principle,  accept  an  inertia 
relative  to  space,  but  only  an  inertia  which  is 
relative  to  other  matter.  Accordingly,  as  a  mass 
is  removed  farther  and  farther  from  other  masses, 
its  inertia  must  ultimately  fall  to  zero.  Now 
when  the  conditions  for  this  are  formulated 
mathematically  they  are  found  to  conflict  with  a 
fact  of  observation,  namely,  that  the  average 
velocities  of  the  stars  are  very  small  compared 
with  the  velocity  of  light.  It  would  seem,  there- 
fore, that  we  must  return  to  our  first  assumption 
and  say  that,  at  an  infinite  distance  from  matter, 
space-time  is  flat.  But  it  occurred  to  Einstein 
that  the  problem  can  be  solved  in  another  way, 
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without  giving  up  the  relativity  of  inertia.  This 
way  is  to  assume  that  space-time  is  finite. 

Phil:  That  space-time  is  finite,  therefore,  is 
an  assumption  made  in  order  to  settle  an  epis- 
temological  difficulty.  To  one  who  is  quite  will- 
ing to  admit  that  matter  at  an  infinite  distance 
from  all  other  matter  may  still  possess  inertia  the 
assumption  is  unnecessary.  Are  there  no  other 
grounds  than  this  for  believing  space-time  to  be 
finite? 

Math.  Phys.:  Well,  the  assumption  of  a  finite 
radius  of  curvature  for  space  seems  to  throw  some 
light  on  the  fact  that  matter  is  something  which 
has  a  limited  extension  in  space,  but  an  unlimited 
duration  in  time.  Consider,  for  instance,  an  elec- 
tron. It  has  a  certain  definite  extension  in  space 
—  it  has  a  finite  radius.  But  it  has  no  definite 
extension  in  time.  Its  extension  in  time  persists 
indefinitely.  I  suggest  that  this  behaviour  is  a 
reflection  of  the  electron's  adjustment  to  the 
particular  kind  of  space-time  continuum  in  which 
it  exists.  Its  spatial  dimensions  express  its 
adjustment  to  the  spatial  peculiarities  of  the  con- 
tinuum.    We  may  regard  the  radius  of  an  electron 
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as  determined,  in  some  way,  by  some  condition  of 
the  space  in  which  it  exists.  If  we  assume  that 
this  condition  may  be  expressed  as  a  curvature 
of  the  space,  then  we  may  say  that  the  radius  of 
an  electron  is  a  certain  fraction  of  the  radius  of 
curvature  of  space.  If  this  can  be  admitted  then, 
since  the  radius  of  the  electron  is  finite,  the  radius 
of  curvature  of  space  must  be  finite.  Now  Ein- 
stein's finite  space-time  continuum  is  not  curved 
in  the  time  dimension.  Hence  there  is  no  finite 
duration  of  time  to  which  the  electron  has  to 
adjust  itself.  Consequently  the  electron's  exten- 
sion in  time,  unlike  its  extension  in  space,  is 
indefinite. 

Phil.:  In  this  reasoning,  which  seems  to  me 
a  little  fantastic,  you  assume  that,  wherever 
in  space  the  electron  may  be,  its  radius  is  the 
same  fraction  of  the  radius  of  curvature  of 
space? 

Math.  Phys.:  Yes,  and  by  so  doing  we  see  that 
the  isotropy  we  have  attributed  to  our  spherical 
space  is  a  necessary  consequence  of  the  operation 
of  measurement.  Even  if  the  radius  of  curvature 
were  different  in  different  parts  of  space  we  should 
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never  discover  this  difference  for  our  measuring 
rod  would,  by  hypothesis,  so  adjust  itself  to  the 
different  conditions  as  always  to  be  the  same 
fraction  of  the  radius  of  curvature,  and  hence 
give  the  same  numerical  value  for  that  radius. 
In  an  anisotropic  space  a  material  structure  would 
need  to  have  the  same  anisotropy  in  order  to  be 
in  equilibrium.  Since  this  same  anisotropy  would 
affect  all  material  measures  it  could  not  be  dis- 
cerned by  measurement. 

Phil.:  What  sense,  then,  is  there  in  supposing 
it  could  exist? 

Math.  Phys.:  In  order  to  show  that  the  sym- 
metry and  homogeneity  of  space  need  not  be 
postulated  of  the  fundamental  structure  of  the 
world,  but  is  a  consequence  of  the  operation  of 
measurement.  The  homogeneity  of  space,  ex- 
pressed by  Einstein's  law  of  gravitation  in  its 
new  form,  is  not  therefore  to  be  interpreted  as  a 
remarkable  limitation  on  the  general  relation- 
structure  with  which  we  began. 

Phil.:  You  say  that  the  space-time  continuum, 
on  this  new  theory,  is  uncurved  in  the  time  direc- 
tion, but  curved  in  the  spatial  directions.    There 
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is  therefore  a  distinct  difference  between  space 
and  time  on  this  theory.  You  can  no  longer  say 
that  the  distinction  we  make  between  space  and 
time  corresponds  to  no  objective  reality. 

Math.  Phys.:  Yes,  it  is  true  that  for  phenomena 
on  a  cosmical  scale  there  is  a  distinction  between 
space  and  time.  Also,  we  have  assumed,  on  this 
theory,  the  existence  of  a  frame  of  reference  for 
which  the  average  velocities  of  all  material  bodies 
are  small.  So  that,  to  some  extent,  absolute 
velocity  is  restored.  But  this  only  applies  to  the 
universe  considered  as  a  whole.  For  local  phe- 
nomena our  earlier  views  continue  to  hold.  (On 
Einstein's  view  matter  is  essential  to  the  existence 
of  space  and  time  at  all.  Without  matter  the 
universe  would  shrink  to  a  point.  According  to 
Einstein  both  the  volume  of  space  and  the  law 
of  gravitation  are  conditioned  by  the  total  amount 
of  matter  in  the  world.  A  lower  limit  for  the 
total  amount  of  matter  can  be  given  on  this 
theory.  TJie  mass  of  all  the  matter  in  the  uni- 
verse must  be  at  least  equal  to  a  trillion  times  the 
mass  of  the  sun.  Also,  the  actual  size  of  space 
can  be  given  approximately.     A  ray  of  light  would 
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go  all  round  the  universe  in  about  1000  million 
years. 

Phil:  Einstein's  view,  that  matter  is  essential 
to  the  existence  of  space  and  time,  is  surely  not 
a  consequence  of  the  theory  you  formerly  out- 
lined to  us,  that  matter  is  derived  from  the 
primary  interval  relation? 

Math.  Phys.:  No,  I  do  not  think  it  is.  The 
part  of  the  theory  I  am  now  describing  to  you  is 
still  very  speculative.  It  may  even  be,  as  Dr. 
Whitehead  argues,  that  the  space  and  time 
adopted  in  this  theory  of  general  relativity  is 
not  the  space  and  time  of  perception.  But  I 
think  that  if  you  keep  fast  hold  of  the  fact  that 
the  space  and  time  I  am  talking  about  is  intro- 
duced as  a  method  of  ordering  experience  you 
will  not  be  led  into  confusion.  Its  relation  to 
what  I  might  call  the  space  and  time  of  psy- 
chology is  a  matter  for  investigation,  but  it  is  not 
an  investigation  that  I  propose  to  go  into  now. 
The  way  in  which  space  depends  upon  matter 
in  Einstein's  finite  universe  may  be  seen  from 
the  simple  equation  — 

M=i7rR, 
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Here  M  is  the  total  mass  of  matter  in  the  universe, 
and  R  may  be  called  the  radius  of  space.  We 
see  that  if  M  decreases  R  also  decreases.  We 
could  imagine  M  decreasing  by  pairs  of  positive 
and  negative  electrons  coalescing.  M  is  here  the 
gravitational  mass  expressed  as  the  radius  of  a 
sphere.  The  gravitational  mass  of  an  electron 
can  be  expressed  as  a  length  —  as  the  radius  of  a 
sphere  —  but  this  is  not  the  same  as  the  electrical 
radius  of  an  electron,  which  is  what  we  call  the 
actual  radius.  So  that  if  we  talk  of  R  decreasing 
it  is  not  clear  what  fixed  standard  of  length  is 
implied.  R  is  itself  the  natural  unit  of  length. 
We  can  interpret  the  above  equation  by  taking 
R  as  unity,  and  then  — 

M  is  now  a  constant,  so  that  if  the  total  number 
of  particles  in  the  universe  decreases,  the  mass  of 
the  remaining  particles  must  increase  in  the  same 
proportion.  It  is  as  if  each  particle  tried  to 
monopolise  all  space  but  was  prevented  from 
doing  so  by  pressure  exerted  by  the  other  par- 
ticles. 
Phil.:  All  this  sounds  very  speculative. 
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Math.  Phys.:  Yes,  they  are  no  more  than 
suggestions  which  illustrate  the  kind  of  problems 
that  arise  in  the  theory  of  relativity.  But  some 
authorities  find  a  sort  of  justification  for  these 
views  in  the  fact  that  the  ratio  of  the  radius  of 
an  electron  to  its  gravitational  mass  is  a  very 
large  number,  no  less  than  3,10*^.  The  sugges- 
tion is  that  this  number  may  be  connected  with 
the  actual  number  of  particles  in  the  universe. 
Possibly  the  square  of  this  number,  for  example, 
may  be  equal  to  the  total  number  of  positive  and 
negative  electrons  that  exist.  It  is  a  speculation 
congenial  to  some  minds  that  the  laws  of  nature 
may  be  determined  by  the  actual  number  of  par- 
ticles that  exist. 

Phil:  Is  not  this  very  like  Pythagorean  mysti- 
cism? 

Math.  Phys.:  Well,  although  the  Pythagoreans 
found  significance  in  many  analogies  we  now 
consider  ridiculous,  we  need  not  assume  that  their 
general  outlook  has  no  grains  of  truth  whatever 
in  it.  However,  whatever  may  be  said  about 
these  modern  speculations  it  is  certain  that  if 
they  are  ever  justified  it  will  be  by  scientific 
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criteria  and  methods.  There  is  no  harm  in  a 
scientific  man  trying  to  get  a  first  glimpse  of  truth 
by  letting  his  imagination  roam  freely.  He  will 
only  be  in  a  position  to  enunciate  it  as  a  truth 
when  he  can  adduce  the  kind  of  evidence  for  it 
that  science  demands. 

Ord.  Int,  Per,:  It  is  very  dijOficult  for  me  to 
imagine  that  the  universe  is  spatially  finite.  Why 
should  it  not  be  also  temporarily  finite?  If  by 
going  on  and  on,  as  a  ray  of  light  does,  one  comes 
round  again  to  one's  starting  point,  why  should 
not  progress  in  time  be  of  the  same  kind,  so  that 
one  would  come  round  to  the  same  events  and 
everything  that  had  happened  would  happen  all 
over  again? 

Phil.:  The  theory  of  eternal  recurrence  that 
Nietzsche  tried  to  popularise. 

Math.  Phys.:  I  do  not  think  much  is  to  be 
gained  by  trying  to  picture  a  spherical  space.  You 
must  remember  that  the  space-time  continuum, 
on  our  theory,  arises  as  a  particular  way  of  in- 
terpreting the  interval  relation.  The  properties 
of  this  space-time,  therefore,  tell  us  something 
about  the  connections  of  intervals.    To  say  that 
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space-time  has  such  and  such  relations,  therefore, 
is  to  say  that  the  network  of  intervals  is  connected 
in  such  and  such  a  manner. 

Ord,  Int.  Per,:  Then  are  you  talking  about 
real  space  and  time  at  all? 

Math,  Phys.:  Yes,  in  the  sense  that  we  cer- 
tainly suppose  ourselves  to  be  making  true  re- 
marks about  the  behaviour  of  measurements 
commonly  called  spatial  and  temporal.  Whether 
you  explore  the  metrical  properties  of  space-time 
by  scales  and  clocks,  or  whether  you  explore  them 
by  the  paths  of  freely  moving  bodies  and  light 
rays,  we  believe  that  our  formulae  express  what 
you  would  observe  to  be  the  behaviour  of  these 
measuring  appliances.  But  I  must  warn  you  that 
there  is  an  alternative  theory,  propounded  by  Dr. 
Whitehead,  which  denies  that  space  and  time  have 
these  properties,  and  yet  claims  to  give  the  same 
results  as  our  theory  when  it  has  been  tested. 
My  purpose,  however,  is  to  explain  to  you  Ein- 
stein's theory  —  what  I  might  call  orthodox  rela- 
tivity theory.  If  you  like  to  keep  the  notion  of  a 
Euclidean  space-time  I  think  you  can  do  so  if  you 
imagine  some  kind  of  aether  which  affects  our 
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measuring  appliances  in  the  way  described  by  our 
formulae.  But  you  will  find  this  aether  very  dif- 
ferent from  the  old  one,  and,  indeed,  you  may 
discover  that  there  is  very  little  gained  by  postu- 
lating it  —  except,  possibly,  as  satisfying  certain 
philosophical  requirements.  As  to  whether  the 
time  dimension  may  also  be  curved,  there  is  a 
formula,  that  of  De  Sitter,  which  also  gives  a 
finite  universe,  but  one  whose  shape  is  that  of 
a  four-dimensional  spherical  surface,  so  that  the 
time  dimension  is  curved  as  well  as  the  spatial 
dimensions.  Nevertheless,  eternal  recurrence  does 
not  occur.  We  may  call  this  a  spherical  universe 
in  contra-distinction  to  Einstein's,  which  we  may 
call  a  cylindrical  universe.  Eternal  recurrence 
does  not  occur  because  this  universe  is  open  in 
the  time  dimension.  This  universe  enjoys  very 
extraordinary  properties.  For  instance,  the  time 
between  two  events  is  longer  the  farther  they  are 
away  from  us.  A  vibrating  atom,  for  example, 
would  seem  to  us  to  vibrate  more  slowly  the 
farther  it  was  away  from  us.  There  is  a  maxi- 
mum distance,  the  distance  of  the  "world 
horizon,'*  as  it  is  called,  where  it  would  appear 
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not  to  be  vibrating  at  all.  At  the  horizon  every- 
thing would  appear  to  us  to  be  stationary.  It 
would  take  an  infinite  time  for  anything  to 
happen  at  the  horizon.  Nevertheless  all  parts  of 
this  space-time  are  on  the  same  footing,  so  that 
if  we  could  reach  the  horizon  we  would  find  every- 
thing going  on  there  in  a  normal  fashion.  But 
the  place  we  had  left  would  now  form  part  of  our 
new  horizon,  and  it  would  appear  to  us  now  that 
everything  was  stationary  there.  Also,  a  ray  of 
light  could  not  perform  the  journey  to  the  horizon 
and  back  in  a  finite  time.  Thus,  on  De  Sitter's 
theory,  unlike  Einstein's,  a  ray  of  light  could  not 
go  round  the  world.  On  Einstein's  theory  it  is 
possible  that  some  of  the  stars  we  see  are  mere 
ghosts,  images  of  real  stars  that  were  there  1000 
or  2000  or  3000  and  so  on  million  years  ago.  For 
the  light  rays  sent  out  by  a  star  would  go  all 
round  the  world  in  1000  million  years,  and  come 
together  again  at  the'  place  they  left,  forming 
there  an  image  of  the  star  that  originally  sent 
them  out.^  On  De  Sitter's  theory  this  could  not 
happen.  It  is  not  very  likely  to  happen,  even 
on  Einstein's  theory,  for  the  rays  of  light  would 
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gradually  become  scattered  by  passing  through 
gravitational  fields  on  their  way  round  the  world, 
and  it  would  only  be  quite  exceptionally  that  they 
would  unite  again  sufficiently  well  to  produce  an 
image. 

PhiL:  Is  there  any  evidence  at  all  for  these 
theories? 

Math.  Phys.:  Well,  you  probably  know  that 
the  spiral  nebulae  are  supposed  by  many  astrono- 
mers to  be  stellar  universes  like  our  own,  and 
to  be  the  most  distant  objects  in  the  heavens. 
Now  it  is  a  puzzling  fact  that  a  large  majority 
of  these  objects  whose  motions  have  been  meas- 
ured are  moving  away  from  us,  and  with  velocities 
that  are  quite  exceptionally  high.  We  would 
naturally  expect  that  about  as  many  would  be 
approaching  us  as  are  going  away.  The  fact  that 
a  large  majority  are  receding  points  to  some 
systematic  cause.  This  cause  must  be  something 
quite  different  from  anything  we  know  to  influ- 
ence bodies  scattered  throughout  so  immense  a 
volume  of  space.  Now  the  radial  motions  of 
these  spiral  nebulae  are  deduced,  of  course,  from 
spectroscopic  observations.     The  spectrum  lines 
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of  the  receding  nebulae  appear,  compared  with  the 
lines  given  out  by  the  same  elements  on  earth,  to 
be  displaced  towards  the  red  end  of  the  spectrum. 
From  this  displacement  the  velocity  of  recession 
is  calculated.  But  might  it  not  be  that  these 
lines  are  displaced  because  the  atoms  in  those 
distant  bodies  are  vibrating  more  slowly  than 
similar  atoms  on  earth?  This  slowness  of  vibra- 
tion would  give  a  displacement  towards  the  red, 
and  render  it  unnecessary  to  suppose  that  the 
nebulae  were  receding.  As  I  have  said,  in  De 
Sitter's  universe,  everything  would  appear  to  be 
going  more  slowly  the  farther  it  was  away.  The 
phenomena  presented  by  the  spiral  nebulae,  there- 
fore, may  indicate,  not  that  they  are  receding,  but 
the  slowing  down  of  all  natural  processes  that  De 
Sitter's  theory  would  lead  us  to  expect.  I  may 
mention  that,  besides  this  effect,  we  should  ex- 
pect an  actual  receding  motion  on  De  Sitter's 
theory,  for  in  his  universe  a  number  of  particles 
initially  close  together  will  tend  to  scatter. 

Ord,  Int.  Per.:  Does  Einstein's  theory  account 
for  the  motions  of  the  spiral  nebulae? 

Math.  Phys.:  No.    On  the  other  hand  it  offers 
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hope  of  being  able  to  account  for  that  very  large 
number,  3.10*^  among  the  constants  of  nature  ' 
—  a  number  which  is  unique  amongst  natural 
constants.  But  it  may  be  that  we  are  not  com- 
pelled definitely  to  choose  between  these  two 
theories.  De  Sitter's  solution  seems  to  apply  to 
an  empty  world.  Einstein's  solution,  on  the  other 
hand,  applies  to  a  world  containing  very  much 
more  matter  than  astronomers  yet  recognise. 
Both  solutions,  it  must  be  remembered,  are 
idealised  solutions,  neglecting  irregularities  due  to 
the  concentration  of  matter  into  stellar  systems, 
Einstein's  solution  applies  strictly  only  to  a  uni- 
form distribution  of  matter  throughout  space.  It 
is  possible  to  regard  the  two  theories  as  at  opposite 
extremes.  The  real  form  of  the  universe  may  be 
something  intermediate. 

Phil.:  Then  De  Sitter's  solution,  since  it  is  for 
a  world  empty  of  matter,  certainly  supposes  that 
space-time  can  exist  independently  of  matter. 

Math.  Phys.:  Even  that  is  not  certain.  The 
mathematical  expression  used  by  De  Sitter  has  a 
"  singularity  '*  at  an  immense  distance.  A  singu- 
larity in  the  expression  for  ds  may  denote  the 
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presence  of  matter.  On  the  other  hand  it  may 
not.  If  this  singularity  in  De  Sitter's  formula 
denotes  matter  then  De  Sitter's  solution  supposes 
that  a  "  mass-horizon  "  exists,  and  he  is  not  really 
dealing  with  an  empty  world.  But  inasmuch  as 
these  questions  are  highly  speculative  I  do  not 
propose  to  discuss  them  at  greater  length. 
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Math.  Phys.:  I  have  so  far  discussed  with  you 
some  of  the  consequences  that  flow  from  postulat- 
ing a  fundamental  relation,  the  interval  relation, 
between  pairs  of  indefinables  called  point-events. 
The  aspect  of  the  interval  relation  with  which  we 
are  concerned  can  be  given  mathematical  expres- 
sion —  that  is  why,  as  physicists,  we  are  concerned 
with  it.  This  mathematical  expression  can  be 
given  a  geometrical  interpretation  —  it  can  be 
supposed  to  represent  distance  or,  more  generally, 
a  spatio-temporal  relation  compounded  of  dis- 
tance and  time-lapse,  between  two  neighbouring 
point-events.  Point-events  thus  become  entities 
which  exist  at  a  place  at  a  moment.  The  prop- 
erties of  the  space-time  continuum  so  imported 
into  our  theory  have  been  discussed.  You  ob- 
serve that  the  space-time  so  introduced  arises 
from  giving  the  interval  relation  a  geometrical 
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interpretation.  Whether  it  is  necessary,  owing 
to  the  constitution  of  our  minds,  to  give  this 
interpretation  to  the  interval,  I  do  not  propose 
to  discuss.  It  may  be  that  space  and  time  can 
be  introduced  in  another  way,  come  from  different 
roots,  as  it  were,  and  that  a  geometrical  interpre- 
tation of  the  interval  is  not  necessary.  Orthodox 
relativity  theory,  however,  assumes  that  the 
geometrical  interpretation  is  the  natural  inter- 
pretation. We  have  seen  that  the  space- time 
continuum  so  derived  is  non-Euclidean.  If  we 
assume  that  it  is  Euclidean,  then,  in  order  to 
explain  the  observed  motions  of  bodies  moving 
freely  in  this  space-time  we  have  to  introduce  a 
gravitational  force.  If  we  recognise  that  the 
continuum  is  non-Euclidean,  then  there  is  no 
need  of  the  gravitational  force.  Now  let  us  see 
exactly  what  we  have  done.  We  have  proved 
that  if  space-time  is  non-Euclidean  and  if  we 
assume  that  it  is  Euclidean  we  shall  have  to 
introduce  a  gravitational  force.  There  is  a  real 
vital  connection  between  our  conception  of  force 
and  the  non-Euclidean  properties  of  space-time. 
In  other  words,  the  non-Euclidean  properties  of 
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space-time,  owing  to  our  persistence  in  using 
co-ordinates  only  appropriate  to  a  Euclidean 
continuum,  must  manifest  themselves  to  us  as 
gravitational  force.  I  now  wish  to  discuss  with 
you  a  yet  further  extension  of  the  non-Euclidean 
geometry  attributed  to  the  continuum,  and  by 
doing  so  I  shall  give  a  geometrical  interpretation 
of  the  forces  we  have  not  yet  considered,  namely, 
the  electromagnetic  forces.  But  I  must  warn  you 
that  this  is  a  merely  hypothetical  interpretation. 
I  can  show  that  a  continuum,  possessing  certain 
geometrical  properties,  can  account  for  electro- 
magnetic phenomena.  But  I  cannot  show  that 
it  must  do  so.  Therefore  the  more  complicated 
continuum  I  am  about  to  describe  to  you  may 
be  regarded  as  a  graphical  representation  of  the 
world,  and  not  as  the  actual  geometrical  con- 
figuration which  we  apprehend  as  the  world. 

Phil:  You  are  going,  I  suppose,  to  show  that 
certain  geometrical  properties  of  space-time  cor- 
respond to  electro-magnetic  quantities,  just  as  you 
showed  that  certain  other  geometrical  properties 
of  space-time  correspond  to  material  quantities 
such  as  density,  momentum,  and  so  on. 
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Math.  Phys,:  Yes,  but  with  the  difference  that 
the  geometry  I  am  now  about  to  discuss  is  not  to 
be  considered  the  natural  geometry  of  space-time. 
You  may  regard  this  more  general  geometry  that 
I  am  about  to  describe  to  you  merely  as  a  sug- 
gestive graphical  representation  of  phenomena. 
The  non-Euclidean  geometry  I  have  hitherto  dis- 
cussed is  to  be  taken  more  seriously.  I  believe 
it  to  be  accurately  descriptive  of  the  behaviour 
of  our  measuring  appliances.  We  will  call  this 
geometry  Riemann's  geometry;  it  is,  I  believe, 
the  actual  geometry  of  the  world.  We  will  call 
the  more  general  geometry  I  am  about  to  describe 
Weyl's  geometry. 

Ord.  Int.  Per.:  But  if  Riemann's  geometiV 
includes  within  it  all  non-Euclidean  geometries, 
how  can  Weyl's  geometry  be  something  different? 

Math.  Phys.:  It  is  different  in  the  sense  of  being 
more  general  even  than  Riemann's  geometry.  It 
includes  Riemann's  geometry  as  a  special  case, 
just  as  Riemann's  geometry  includes  Euclid's  as 
a  special  case.  Euclid's  geometry  rests  on  certain 
assumptions  which  are  not  logically  necessary. 
Riemann's  geometry,  also,  it  can  be  shown,  con- 
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tains  an  assumption  which  is  not  logically  neces- 
sary. By  removing  this  restriction  we  obtain 
Weyl's  geometry. 

Phil.:  Can  the  process  be  continued?  Is  there 
nothing  in  Weyl's  geometry  but  what  is  logically 
necessary? 

Math.  Phys.:  The  process  can  be  continued. 
I  may  refer  to  that  fact  later.  But  we  will  go 
one  step  at  a  time.  I  will  begin  by  calling  your 
attention  to  an  important  distinction  between 
Riemannian  and  Euclidean  geometry.  A  vector, 
as  you  know,  is  a  quantity  which  has  direction 
and  length  or  magnitude.  To  specify  a  velocity, 
for  instance,  it  is  not  sufficient  to  give  its  mag- 
nitude; you  must  also  give  its  direction.  Tem- 
perature, on  the  other  hand,  does  not  have  the 
idea  of  direction  associated  with  it.  We  specify 
a  temperature  by  saying  that  it  is  such  and  such 
a  figure  on  such  and  such  a  scale.  Force  is  an- 
other vector  quantity.  Force  has  direction  as 
well  as  magnitude.  Vector  quantities,  therefore, 
are  well  represented  graphically  by  a  line,  since 
a  line  has  a  certain  length  and  is  in  a  certain 
direction.     Now  I  want  you  to  consider  what 
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happens  to  a  line,  in  a  Euclidean  plane,  when  it 
is  taken  round  a  closed  circuit  in  such  a  way  that 
it  always  remains  parallel  to  its  original  direction. 
When  it  comes  back  to  its  starting  point  it  has 
obviously  experienced  no  change  whatever.  It 
has  the  same  length  and  the  same  direction  that 
it  had  to  begin  with.  This  may  seem  too  obvious 
to  be  worth  talking  about.  But  suppose  that, 
instead  of  a  Euclidean  plane  surface,  we  are 
dealing  with  the  surface  of  a  sphere,  and  that  we 
mark  out  a  closed  circuit  on  this  surface.  What 
is  the  analogous  operation,  on  this  surface,  to  the 
operation  we  have  just  performed?  How  can 
we  move  a  line  round  a  closed  circuit  on  a  spheri- 
cal surface  so  that  it  is  always  parallel  to  its 
original  direction?  You  will  see,  if  you  try  to 
picture  it,  that,  on  a  spherical  surface,  we  cannot 
keep  this  Euclidean  notion  of  parallel  direction 
at  all.  How  are  we  to  proceed,  therefore,  if  we 
wish  the  line,  on  returning  to  its  starting  point, 
to  have  the  same  direction  it  had  at  first?  What 
happens,  for  instance,  when  a  ship  describes  a 
closed  circuit  at  sea  —  for  the  sea  may  be  regarded 
as  part  of  the  surface  of  a  sphere  —  and  finally 
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points  in  the  same  direction  it  had  to  begin 
with? 

Ord.  Int,  Per.:  Well,  its  total  change  of  direc- 
tion must  be  four  right  angles.  As  it  goes  round 
the  circuit  it  changes  its  direction  constantly,  but 
these  changes  bring  it  round  to  its  original  position 
if  they  all  add  up  to  four  right  angles. 

Math,  Phys.:  There  you  are  wrong.  Remem- 
ber that  I  am  talking  about  the  surface  of  a 
sphere.  I  have  already  told  you  that  the  geometry 
of  a  spherical  surface  is  intrinsically  different 
from  the  geometry  of  a  Euclidean  plane.  The 
sum  of  the  exterior  angles  of  a  triangle  in  a 
Euclidean  plane  is  four  right  angles,  but  this  is 
not  the  case  with  a  spherical  triangle.  By  mak- 
ing the  ship  change  its  direction  through  four 
right  angles  you  do  not  bring  it  back  to  its 
original  direction. 

Ord.  Int.  Per.:  Well,  then,  turn  it  through 
whatever  total  angle  you  have  to  turn  it  through 
in  order  to  get  it  back  to  its  original  direction. 
It  is  perfectly  obvious  that  a  ship  can  get  back 
to  its  original  position  on  completing  its  circuit, 
and  it  must  turn  through  some  total  angle  to  do 
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it.  As  you  know  the  geometry  of  a  sphere,  you 
know  what  that  angle  must  be. 

Math.  Phys.:  Yes,  but  the  difficulty  is  this. 
The  total  angle  through  which  it  must  have 
turned  will  depend  upon  what  circuit  it  has  gone 
round.  I  cannot  tell  you  what  total  angle  it 
must  have  turned  through  to  get  back  to  its 
original  direction  unless  you  tell  me  what  route 
it  has  followed.  For  a  Euclidean  plane  I  can  say 
that  the  total  angle,  whatever  the  circuit,  must 
be  four  right  angles.  I  can  enunciate  no  such 
rule  for  the  sphere. 

Ord.  Int.  Per.:  Let  us  suppose  we  have  two 
ships,  originally  side  by  side,  and  pointing  in 
the  same  direction.  They  are  sent  on  different 
closed  circuits  and  are  instructed  to  turn  through 
the  same  total  angles.  Then  they  will  no  longer 
coincide  in  direction  when  they  get  back  to  their 
starting  point? 

Math.  Phys.:  Exactly.  They  obey  the  same 
rule  for  their  motions,  but  their  final  directions 
depend  on  the  routes  they  have  followed.  Now 
in  general  Riemannian  geometry  we  have  a  simi- 
lar state  of  affairs.    Suppose  that,  in  a  general 
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Riemannian  space,  a  curved  space,  we  wish  to 
move  a  vector  from  a  point  A  to  a  point  B,  We 
must  move  it  according  to  some  rule,  of  course. 
The  rule  we  shall  adopt  is  the  rule  which,  in 
Euclidean  space,  would  leave  the  direction  of  the 
vector  unchanged.  We  shall  call  movement  ac- 
cording to  this  rule  parallel  displacement.  The 
vector  is  moved,  obeying  this  rule,  from  point  A 
to  point  B.  Now  suppose  we  have  another  vector 
at  the  point  A  and  that  this  vector  originally 
coincided  with  the  first  vector.  We  move  this 
second  vector,  obeying  the  same  rule,  to  the  point 
B.  But  we  move  it  by  a  different  route  from 
that  followed  by  the  first  vector.  We  shall  find 
that,  at  5,  the  two  vectors  are  pointing  in  dif- 
ferent directions.  It  is  on  this  fact  that  the 
gravitational  field  depends.  It  is  owing  to  the  fact 
that  our  space-time  is  of  this  general  Riemannian 
kind  that  we  perceive  a  gravitational  force. 

Phil:  You  mean  that  that  property  of  space- 
time  that  manifests  to  us  as  a  gravitational  field 
would  produce  this  curious  effect  on  the  direction 
of  a  vector  that  you  have  described? 

Math.  Phys.:  Yes. 
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Phil.:  And  you  are  going  to  suggest  that  some 
analogous  property  of  space-time  manifests  to  us 
as  an  electro-magnetic  field? 

Math.  Phys.:  Precisely.  But  remember  always 
that  I  am  now  talking  about  a  purely  conceptual 
space-time  governed  by  the  geometry  I  am  about 
to  describe.  You  will  observe  that,  in  what  I 
have  said  to  you,  I  have  said  nothing  about  the 
vectors,  taken  from  A  to  B  by  different  routes, 
disagreeing  as  to  length.  They  disagree  as  to 
direction,  but  they  agree  as  to  length.  This  is 
the  Riemannian  assumption  that  I  spoke  about. 
It  is  not  a  necessary  assumption.  Weyl's  geom- 
etry dispenses  with  it.  Weyl  supposes  that  two 
vectors,  originally  coincident,  and  moved  by 
parallel  displacement  to  the  same  point,  will 
differ  not  only  in  direction  but  also  in  length. 

Phil.:  So  that  on  this  new  geometry  you  can- 
not attach  any  definite  meaning  to  the  assertion 
that  you  have  the  same  standard  of  length  at 
different  places. 

Math.  Phys.:  Exactly. 

Phil:  Then  what  becomes  of  your  measure- 
ments of  length?     If  you  have  a  standard  of 
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length  at  one  place  its  value  at  another  place  will 
depend  on  the  route  by  which  you  took  it  there. 
Math.  Phys.:  Yes.  And  I  must  remind  you 
that  it  is  a  four-dimensional  route  that  I  am 
talking  about.  I  am  suggesting,  for  instance, 
that  two  equal  foot-rules  carried  from  London  to 
New  York,  the  one  by  aeroplane  and  the  other 
by  train  and  steamer,  need  not  agree  when  they 
are  placed  side  by  side  in  New  York.  They 
have  performed  the  same  journey  in  space,  but 
their  time  journeys  have  been  different.  Their 
four-dimensional  routes  are  different.  To  deal 
with  this  ambiguity  of  length  we  have  to  do 
something  analogous  to  what  we  did  for  the 
ambiguity  of  direction.  In  Riemannian  geometry 
we  lay  down  a  system  of  co-ordinates  at  every 
point.  In  Weyl's  geometry,  besides  doing  this, 
we  lay  down  a  definite  gauge  at  every  point,  that 
is,  we  arbitrarily  erect  at  every  point  a  standard 
of  unit  length.  In  flat  space-time  we  can  talk 
of  the  same  co-ordinates  at  two  separate  points 
A  and  B.  In  curved  space-time  we  cannot  un- 
ambiguously define  what  co-ordinates  at  B  are 
the  same  as  the  co-ordinates  at  A.     Similarly, 
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in  the  more  general  space-time  we  are  now 
considering  we  cannot  define  unambiguously  the 
same  length  at  A  and  B.  Now  the  geometry 
of  Weyl's  space-time  requires  more  quantities  to 
determine  it  than  does  Riemannian  geometry. 
We  have  seen  that  the  metric  properties  of 
any  region  of  space-time  which  is  governed  by 
Riemannian  geometry  can  be  specified  when  we 
know  the  quantities  we  have  called  the  g's.  We 
have  also  seen  that  there  are  ten  of  these  quanti- 
ties for  any  given  region  of  space-time.  These 
quantities,  in  defining  the  metric,  also  define  the 
gravitational  field.  Now  it  can  be  shown  that, 
in  order  to  define  the  gauging  system  throughout 
a  region  we  require  four  more  quantities.  What 
do  these  quantities  correspond  to  in  the  world  of 
phenomena? 

Phil.:  You  mean  that  just  as  the  ten  geometri- 
cal quantities,  the  ten  ^^^s,  correspond  to  ten  quan- 
tities which  define  the  gravitational  field,  so  these 
other  four  geometrical  quantities  should  corre- 
spond to  some  other  physical  phenomenon? 

Math.  Phys.:  Precisely.  And  the  identifica- 
tion we  are  to  make  is  at  once  suggested  by  the 
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fact  that  the  electro-magnetic  field  in  a  region 
is  defined  by  four  quantities  called  the  electro- 
magnetic potentials. 

Phil:  The  cases  do  not  seem  to  me  quite 
parallel,  nevertheless.  Gravitational  force  exists 
in  every  region  of  space-time,  but  surely  there 
are  many  regions  where  no  electro-magnetic  force 
exists. 

Math,  Phys.:  That  is  so.  Let  us  call  the 
four  geometrical  quantities  we  have  obtained  Xi, 
K2,  K3,  K4.  I  say  that  these  correspond  to  the 
four  electro-magnetic  potentials.  Now  potentials 
are  not  forces.  Forces  are  derived  from  potentials. 
If  I  want  to  know  what  electro-magnetic  forces 
are  due  to  certain  potentials  I  perform  certain 
mathematical  operations  on  the  potentials  and 
the  resulting  expressions  give  me  the  values  of 
the  forces.  Suppose  no  electro-magnetic  forces 
exist  in  the  region  I  am  considering.  Then  these 
mathematical  operations,  performed  on  the  poten- 
tials characteristic  of  that  region,  give  zero  as 
the  value  of  the  forces.  Now  these  same  mathe- 
matical operations  performed  on  the  K's  for  that 
region  give  a  result  which  shows  that,  for  that 
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region,  comparisons  of  length  are  not  ambiguous. 
So  that  two  vectors  moved  from  a  point  A  to 
a  point  B  within  the  region  will  not  disagree 
in  length,  whatever  routes  they  are  moved  by, 
if  there  are  no  electro-magnetic  forces  in  that 
region.  Thus  we  can  say  that  that  geometrical 
property  of  space-time  which  makes  length  com- 
parison an  ambiguous  procedure  is  the  property 
which  manifests  to  us  as  electro-magnetic  force. 

Phil:  There  seems  to  me  to  be  a  serious  ob- 
jection to  the  whole  of  this  point  of  view.  In 
the  last  dialogue  you  explained  to  us  that  a 
material  measuring  standard  at  any  place  took 
up  the  size  it  possesses  there  by  adjustment  to 
the  curvature  of  space-time.  The  radius  of  an 
electron,  for  example,  is  always  a  definite  fraction 
of  the  radius  of  curvature  of  space  at  that  place. 
This  means,  surely,  that  you  ^already  have  a 
natural  gauge  everywhere. 

Math.  Phys.:  You  are  quite  right.  But  you 
must  remember  that  I  introduced  this  more 
general  geometry  of  Weyl  purely  as  a  conceptual 
geometry.  I  am  not  suggesting  that  its  properties 
are  the  properties  of  actual  space-time. 
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PhiL:  But  why  not?  Your  identification  of 
electro-magnetic  forces  with  geometrical  quanti- 
ties seems  to  me  just  as  plausible  as  your  previous 
identification  of  gravitational  forces  with  geomet- 
rical quantities. 

Math.  Phys.:  The  reason  is  this.  In  geometris- 
ing  gravitation  I  am  talking  all  the  time  about 
actual  physical  processes.  In  talking  about  length 
ambiguity  I  am  not.  The  operation  of  parallel 
displacement  of  a  vector  is  not  a  description  of 
the  physical  procedure  by  which  lengths  are  com- 
pared at  different  places. 

Ord,  Int.  Per.:  Then  what  is  the  point  of 
discussing  it? 

Math.  Phys.:  Well,  it  is  a  step  towards  a  yet 
wider  generalisation.  We  have  begun  by  postu- 
lating a  relation-structure  as  the  substratum  from 
which  we  wish  to  derive  the  world.  We  began 
by  making  this  structure  Riemannian,  and,  so 
far  as  matter  and  gravitation  are  concerned,  we 
derived  the  world  we  know.  It  is  interesting  to 
know  whether  the  world  could  be  derived  from 
a  still  more  general  relation-structure.  One  of 
the  aims  of  the  theory  of  relativity  is  to  express 
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laws  of  nature  in  such  a  way  that  these  laws 
preserve  the  same  form  for  every  observer, 
whatever  his  state  of  motion.  Equations  that 
obey  this  criterion  are  called  tensor  equations. 
They  are  unaffected,  we  may  say,  by  any  change 
of  co-ordinates.  But  we  have  seen  that  we  can 
imagine  a  still  more  general  relation-structure  of 
the  world  where  the  gauge-system,  as  well  as 
the  co-ordinate-system  employed,  may  be  varied. 
It  suggests  itself,  therefore,  that  we  may  be 
able  to  derive  quantities  from  this  more  general 
structure  which  are  independent  not  only  of 
changes  of  co-ordinates  but  of  changes  of  gauge. 
This  can  be  done,  and  it  can  be  done  for  a 
relation-structure  even  more  general  than  that 
postulated  by  Weyl.  Eddington  has  assumed 
a  relation-structure  which,  expressed  geometri- 
cally, dispenses  with  a  restriction  which  exists 
in  Weyl's  geometry.  Weyl  admits  that  a  vector, 
on  being  moved  by  parallel  displacement,  may 
change  its  length  as  well  as  its  direction.  But 
he  assumes  that  this  change  of  length  is  inde- 
pendent of  the  original  direction  of  the  vector. 
Eddington  dispenses  with   this  restriction,   and 
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thus  arrives  at  what  appears  to  be  almost  the 
minimum  of  relation-structure  conceivable.  Yet 
even  from  this  comparatively  amorphous  sub- 
stratum of  the  world  he  manages  to  derive  ex- 
pressions which  are  related  in  the  way  that  the 
physical  quantities  of  experience  are  related. 

PhiL:  The  laws  of  nature,  then,  tell  us  com- 
paratively little  about  the  structure  of  the  world? 
Provided  some  structure  exists,  the  world  must 
be  as  it  is? 

Math,  Phys.:  Yes,  given  the  fact  that  our 
minds  are  of  a  particular  kind.  The  relation- 
structure  could  be  different,  within  pretty  wide 
limits,  without  producing  a  different  perceptual 
universe.  Our  minds  select  certain  aspects  of 
what  exists  (in  the  logical  sense)  and  pay  atten- 
tion only  to  those. 

Ord.  Int,  Per.:  Then  the  laws  of  nature  really 
only  express  the  way  in  which  the  mind  arranges 
the  material  that  is,  as  it  were,  offered  to  it? 

Math.  Phys.:  That  is  largely  true.  But  in 
taking  leave  of  you  I  wish  to  point  out  that, 
complete  as  relativity  theory  appears  to  be,  the 
science  of  physics   has  by   no  means   reached 
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finality.  We  have  been  considering  large  scale 
phenomena.  Phenomena  of  a  quite  different 
kind  meet  us  when  we  investigate  atomic  and 
sub-atomic  structures.  Relativity  theory,  so  far, 
has  thrown  no  light  on  these  phenomena.  The 
general  theory  of  relativity  is,  I  believe,  in  its 
comprehensiveness  and  profundity,  the  greatest 
scientific  discovery  of  which  we  have  any  record. 
We  may  be  thankful  that  it  is  not  sufficient. 
The  universe  remains  mysterious.  Our  search 
must  go  on. 
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THE   NEWTONIAN   TRANSFORMATION 

In  the  Newtonian  scheme  two  systems  of  refer- 
ence are  considered  to  be  equivalent  if  they  are 
connected  by  the  equations  x'  =  x  -  vt,  y^  =  y, 
z'  =  2,  V  =  L  The  physical  meaning  of  these 
S3n2ibols  was  supposed  to  be  that  x,  y,  z,  t  were 
the  measured  lengths  and  times  in  one  system, 
and  x',  y',  z',  t'  the  measured  lengths  and  times 
in  a  system  whose  axes  are  parallel  to  those  of 
the  first,  and  which  is  moving  in  the  direction 
of  the  X  -  axis  with  a  velocity  v.  According 
to  the  theory  of  relativity  this  assumption  is 
unjustified. 

The  fundamental  equation  of  Newtonian  dy- 
namics is 

Force  =  Mass  X  Acceleration. 

Mass  is  an  invariant  scalar  quantity.  This  being 
so,  Force  is  invariant  for  the  systems  connected 
by  the  equations  given  above.    For 


dx'      dx     ^^  dy  _  dy  dz'      dz 

dt'  ~ 
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and 

dt'^~  dt^  dt'^~  dp  df^~'dP 

Not  velocity,  but  acceleration,  is  invariant. 
Therefore  force  is  invariant.  The  addition 
theorem  for  velocities  is  given  by  the  equation 

dx'     dx  , 

_  =  __.org=5-.. 

THE   LORENTZ   TRANSFORMATION 

Putting  IT  =  ^  we  may  express  the  interval 
in  terms  of  three  spatial  measurements  and 
one  imaginary  time  measurement.  It  becomes 
ds^  =  dx^  +  dy^  -f  dz^  +  dr^.  This  expression  is 
perfectly  homogeneous.  Minkowski  showed  that 
the  Lorentz  transformation  may  be  obtained  from 
the  formulae  for  the  rotation  of  rectangular  axes 
in  this  four-dimensional  (space  and  imaginary 
time)  continuum.  A  rotation  through  an  angle  6 
in  the  xt  plane  is  given  by  x  =  x'  cos  ^  -  r'  sin  ^, 
y  =  y\  z  =  z\  T  =  x'  sin  ^  +  r'  cos  6,  Put  v  =  i 
tan  e.  Then  cos  $=  (1  -  v^)-l  =  13,  and  sin  6 
=  ^>/3.    Hence  the  formulae  for  rotation  become 

X  =  jS(x'  -  ivT'),  y  =  y\z=^z\T  =  ^{t^  +  ivx') 
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Remembering  that  it  =  t  and  zV  =  ^',  these  equa- 
tions become  those  of  the  Lorentz  transformation 

X  =  ^(x'  -  vt'),  y  =  y\x  =  z\t  =  fi{t  -  vx'). 
Making  the  substitutions  we  have 
ds^  =  dx^  +  dy^  +  dz''  -  dP  =  dx'^  +  dy'^  -f  ci^'^  -  dt'^ 

Apart  from  obvious  changes,  such  as  a  displace- 
ment of  the  origin  or  a  rotation  about  the  time 
axis,  the  Lorentz  transformation  is  the  only  one 
which  leaves  the  form  of  ds  unaltered.  The 
Lorentz  transformation  may  be  deduced  also  from 
the  condition  that  the  velocity  of  Ught  is  to  be 
the  same  for  two  observers  in  uniform  translatory 
motion. 

THE   PRINCIPLE    OF  EQUIVALENCE 

In  flat  space-time  co-ordinates  x,  y,  z,  t  may  be 
chosen  so  that  the  expression  for  the  interval  has 
the  form 

ds^  =  dp  -  dx^  -  dy^  -  dz^  (1) 

By  making  the  transformation  of  co-ordinates 

t   =Jl\Xl,     X2,     Xzy     X\) 

X  =j2\Xif   X2,   X3,   X4) 

y=fz{Xij  Xt,  X^,  X,) 
Z  =Ji{Xij  X2,  Xz,  Xi) 
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the  formula  for  ds  assumes  the  form 

ds^  =  Qudxl  +  fifzjdx^  +  Qzzdxl  +  gudx\ 

+  2gidxidx2  +  2gizdxidxz  +  2gudxidx4 

+  2^23^X2^X5  +  2g2dxdxA  +  2gzdx4xA    (2) 

where 

--©'-©■-(I;)"-©-- 

and 

6x1  6x2      6x1  6x2      bxi  6x2      5xi  5x2 

The  equations  to  a  straight  Hne,  that  is,  to  the 
unconstrained  motion  of  a  body  in  the  x,  2/,  2,  t 
co-ordinates,  are  comprised  in  the  condition  Jcfe  is 
stationary.  This  condition  will  also  give  the  path 
of  the  body,  that  is,  a  geodesic,  in  the  co-ordinates 
Xi,  X2,  X3,  X4.  We  assume  that  it  continues  to  do 
so  in  space-time  which  is  not  flat,  that  is,  is  not 
such  that  the  expression  for  ds  can  be  reduced,  by 
a  suitable  choice  of  co-ordinates,  to  the  form  (1). 
This  generaUsation  is  an  example  of  the  principle 
of  equivalence. 

Similarly,  since  ds  =  0\^  the  equation  for  a  ray 
of  light  in  system  (1)  and  in  any  system  derivable 
from  (1)  by  mathematical  transformations  of  co- 
ordinates, we  shall  assume  that  it  holds  good  for 
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light  propagated  in  a  region  of  space-time  where 
the  formula  for  ds  is  not  deducible  from  (1)  by- 
mathematical  transformations.  But  the  principle 
of  equivalence  is  not  supposed  to  hold  universally. 
Equations  involving  higher  derivatives  of  the  g^s 
have  an  essential  reference  to  the  curvature  of  the 
space- time  considered.  For  such  expressions, 
therefore,  one  may  not  assume  that  the  curvature 
makes  no  difference,  and  the  principle  of  equiva- 
lence may  not  be  appUed. 

THE  TENSOR  CALCULUS 

Definitions, 

A  Tensor  is  a  set  of  numbers  associated  with 
a  point  and  dependent  upon  a  co-ordinate  system 
in  such  a  way  that  when  the  co-ordinate  system 
is  changed  the  numbers  change  in  accordance  with 
the  transformation  laws  to  be  defined. 

Consider  first  a  tensor  of  the  first  rank.  (We 
shall  deal  throughout  with  a  four-dimensional 
space.)  A  tensor  of  the  first  rank  is  a  set  of  four 
numbers.  These  numbers  are  called  its  com- 
ponents. Let  the  components  of  such  a  tensor, 
in  a  given  system  of  co-ordinates,  be  A\  A^,  A^ 
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A\  This  set  of  four  numbers  is  associated  with 
a  point  Xi,  X2,  X3,  Xi,  We  may  consider  them,  if 
we  like,  as  the  components  of  a  force  at  that 
point.  A  change  of  the  system  of  co-ordinates  is 
made  — 

X     I    =J  {Xly     X2,     XSy     X4) 

X\    =    (p      {Xly     X2,     X3,     X4) 

a^'a  =  X  (^1?  ^2y  Xa,  X4) 

x\  =  yp  (Xiy  X2,  X3,  X4) 

The  set  of  numbers  A'^,  A"^,  A,^  A^  are  said  to  be 
the  components  of  a  contravariant  tensor  of  the 
first  rank  if,  in  the  (x'l,  x'2,  x'3,  x\)  system  of 
co-ordinates  they  assume  the  values 

A'^^fA^  +  fA^  +  ^A^  +  fA* 

OXi  0X2  OXz  0X4 

A',  =  l£A^  +  I^A'  +  ^A^  +  I^A^ 

OXi  0X2  OXz  OXi 

OXi  0X2  OXz  0X4 

0X1  0X2  0X3  0X4 


This  transformation  law  may  be  summarised  — 

8Xa 
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where,  corresponding  to  each  value  of  /x,  we  sum 
the  terms  corresponding  to  a  =  1,  2,  3,  4. 

A  set  of  four  numbers  Ai,  A 2,  As,  -4 4,  is  said 
to  be  the  components  of  a  covariant  tensor  of 
the  first  rank  if,  in  changing  from  the  system 
{xi,  X2,  X3,  Xi)  to  the  system  (x'l,  x'2,  x'a,  x\)  they 
assume  the  values  — 

where,  corresponding  to  each  value  of  ju,  we  sum 
the  terms  corresponding  to  a  =  1,  2,  3,  4. 

To  distinguish  contravariant  from  covariant 
tensors  it  is  usual  to  place  the  suffix  for  a  con- 
travariant tensor  above  and  for  a  covariant  tensor 
below.  Thus  A^  will  represent  a  contravariant 
tensor  of  the  first  rank  and  A^  a  covariant  tensor 
of  the  first  rank. 

Tensors  of  the  second  rank  have  sixteen  com- 
ponents. These  components,  for  a  contravariant 
tensor,  are  represented  by  ^'"',  and  are  obtained 
by  giving  jjl  and  v  independently  all  values  from 
1  to  4. 

The  transformation   law  for   a  contravariant 
tensor  of  the  second  rank  is  — 
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A'^'^  = 

\j^  fji 
8x„ 

0X0 

(3) 

and  for  a  covariant  tensor  of  the  second  rank  is 

5x^ 

bx'^ 

t^" 

(4) 

A  mixed  tensor  of  the  second  rank 

obeys  the 

transformation  law 

— 

bXa 

5x'^ 

dx'„   .ff 
8xff  ^" 

(5) 

It  will  be  noticed  that  the  same  suffix  occurring 
twice  in  an  expression  denotes  summation.  This 
will  always  be  the  case  unless  the  contrary  is 
stated.     Thus  — 

A^B^  denotes  A^B'  +  AS'  +  ^3^'  +  AS\ 

Any  such  suffix  is  a  dummy  suffix,  for  it  is 
obvious  that  the  letter  jjl  in  the  above  example 
may  be  replaced  by  any  other  since  it  runs 
through  all  the  values  from  1  to  4. 

The  laws  of  transformation  for  tensors  of 
higher  rank  are  easily  deduced  from  the  above 
cases. 

Thus  — 

"^^^"■"SxV  dx',  bx'c    bx,  ^«^^ 
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This  is  a  tensor  of  the  fourth  rank  and  possesses 
256  components.  Each  component  in  the  accented 
system  is  the  sum  of  256  terms. 

We  contemplate  only  continuous  changes  of 
co-ordinates,  so  that  the  differential  coefficients 
appearing  in  these  equations  are  all  finite.  From 
this  it  follows  that  if  all  the  components  of  a 
tensor  in  one  system  of  co-ordinates  are  zero,  they 
are  zero  in  all  systems  of  co-ordinates. 

In  this  property  lies  the  importance  of  the 
tensor  calculus  in  relativity  theory.  We  wish  to 
find  equations  which  hold  good  in  all  systems  of 
co-ordinates,  that  is,  we  wish  to  express  the 
equations  occurring  in  our  investigation  as  tensor 
equations.  For  if  we  have  a  tensor  equation 
C/^"  =  V'  the  equation  U"''  -  V^'  =  0,  which  is 
also  a  tensor  equation,  holds  good  in  all  systems 
of  co-ordinates,  and  therefore  C/^"  =  V^^  holds 
good  in  all  systems  of  co-ordinates. 

It  is  obvious  that  the  co-ordinate  differences 
between  any  two  infinitely  near  points  form  a 
contravariant  tensor  of  the  first  rank,  for  they 
obey  the  transformation  law  — 
dx'n  =  -j-^  dxa 
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For  this  reason  it  is  sometimes  convenient,  in 
order  to  show  the  eontravariant  character,  to 
write  dXfj,  =  {dxY, 

Multiplication. 

The  expression  A  Bv  does  not  represent  a 
summation,  but  the  sixteen  components  of  a 
mixed  tensor  of  the  second  rank,  namely,  A^Bi, 
A*J52 .  .  .  A^Bs,  A^B^,  The  expression  A'^B^,  on 
the  other  hand,  represents,  as  we  have  seen,  the 
simi  of  four  quantities.  This  expression  A'^By^  is 
called  the  inner  product  of  the  two  tensors  of  the 
j&rst  rank,  A'^,  B^,,  or  the  contraction  of  the  mixed 
tensor  A^^Bj,,  Mixed  tensors  of  any  rank  may  be 
contracted.  Thus  the  mixed  tensor  A^^  may  be 
contracted  to  A.^^*  which  consists  of  four  com- 
ponents each  the  sxim  of  four  terms,  as  An  +  A.?2 
+  Ai3  +  A 14.  In  this  way,  from  the  mixed  tensor 
of  the  third  rank  A^  a  covariant  tensor  of  the  first 
rank  is  formed.  The  rank  is  reduced  by  two. 
Similarly,  the  mixed  tensor  of  the  second  rank  A^ 
has  its  rank  reduced  by  two  on  contraction,  and 
becomes  Ajl,  a  scalar  or  invariant.  It  has,  of 
course,  the  same  value  in  all  co-ordinate  systems. 
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Similarly,  A^^l,  A^B^  are  invariants.     The  upper 
and  lower  suffixes  cancel  out,  as  it  were. 

The  Rigorous  Quotient  Theorem, 

A  quantity  which,  on  inner  multiphcation  by 
any  covariant  or  any  contravariant  tensor  of  the 
first  rank  always  gives  a  tensor,  is  itself  a  tensor. 
For  suppose  that,  whatever  contravariant  tensor 
jB"  may  be,  A{yLv)B^  is  always  a  covariant  tensor. 
Then,  by  (2)  — 

A\ixv)B'^  =  ^^[_A{a^)B^^ 

But,  by  using  the  reverse  of  (1)  — 
5/3  =  i£^  B"' 

Hence,  substituting  for  B^  in  the  above  equation 

But  J5"'  is  arbitrary.  Therefore  the  expression 
in  brackets  must  be  identically  zero.    Hence  — 

and  by  comparing  with  (4)  we  see  that  A{nv)  is 
a  covariant  tensor  of  the  second  rank. 
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Fundamental  Tensors. 

Consider  the  expression  for  the  interval  — 

ds^  =  g^^ydXf^dXj,  (6) 

The  expression  ds^  is  an  invariant  or  tensor  of 
zero  rank.  Since  dx^,  is  an  arbitrary  contravariant 
tensor  of  the  first  rank  it  follows  that  g^^dx^j^  is  a 
covariant  tensor  of  the  first  rank.  Therefore, 
since  dx^^  is  an  arbitrary  contravariant  tensor  of 
the  first  rank  it  follows  that  g^j,  is  a  covariant 
tensor  of  the  second  rank. 

Form  the  determinant  of  the  fourth  order  from 
the  components  of  gr^^.  Call  this  determinant  g. 
Take  the  minor  of  any  element  g^^  of  this  deter- 
minant and  divide  it  by  g.  Call  this  quotient  g'°^. 
Consider  the  expression  ^^^a/*^  =  9^- 

From  a  known  property  of  determinants  — 

g^  =  l  ii  fjL  =  v  and  g^  =  0  ii  fx  ±:  v. 

Hence  g^A^  =  A'', 

Since  A^  is  an  arbitrary  tensor  of  the  first  rank 
gl,  is  a  tensor.  Now  since  g^aA^y  when  A^  is  an 
arbitrary  contravariant  tensor  of  the  first  rank,  is 
an  arbitrary  covariant  tensor  of  the  first  rank, 
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and  since  gtuTg'"'A^^g^,A^^A'',  it  follows  that 
g^^  is  a  contravariant  tensor  of  the  second  rank. 
Thus  we  have  three  fundamental  tensors  — 

The  operation  of  raising  a  suffix  is  defined  by  — 

A^  =  g^''A.. 
Of  lowering  a  suffix  by  — 

Apt  =  gyiv-A.  . 

Similar  definitions  apply  to  tensors  of  any  order. 

Symmetrical  and  Anti-symmetrical  Tensors. 

A  tensor  is  said  to  be  symmetrical  in  the 
suffixes  M,  Vj  if  A^"  =  A"'*  or  ^^^  ==  A^,,. 

It  is  said  to  be  anti- symmetrical  if  A^''  =  -  A"'*, 
or  ^fip  ==  —  -^iz/x* 

For  an  anti-symmetrical  tensor  we  see  that  the 
four  components  for  which  fjL  =  v  vanish.  The 
other  twelve  form  six  pairs,  the  members  of  a 
pair  being  equal  and  of  opposite  signs.  Thus  an 
anti-sjmometrical  tensor  of  the  second  rank  has 
only  six  components  niunerically  different.  The 
anti-symmetrical  tensor  of  the  third  rank  A^"*' 
has  only  four  numerically  different  components. 
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The  anti-S3anmetrical  tensor  of  the  fourth  rank 
A'^"'''^  has  only  one  component.  Anti-symmetrical 
tensors  of  rank  higher  than  the  fourth  cannot 
occur  in  a  four-dimensional  continuum. 

The  tensors  gr^^,  ^^*',  are  symmetrical.  A  con- 
travariant  tensor  of  the  first  rank  is  what  is 
usually  called  a  vector.  The  term  vector  may 
be  extended  to  denote  also  a  covariant  tensor  of 
the  first  rank.  Two  vectors,  A^,  B^,  are  said  to 
be  perpendicular  if  Afj^B^  =  0. 

In  rectangular  co-ordinates  A^B^  is  the  scalar 
product  of  elementary  vector  theory.  In  all  co- 
ordinates the  length  of  a  vector  ^1^  is  defined  to 

A  vector  is  self-perpendicular  if  its  length 
vanishes.  Since  g^v{dx)'^  =  {dx)^y  we  may  write 
the  formula  for  the  interval  ds^  =  (dx)j,(dxy. 

Length  is,  of  course,  an  invariant.  Thus  the 
length  of  A^yffT,  that  is,  -A^xwt  A^^^'^  is  an  inva- 
riant. 

From  a  tensor  of  even  rank  an  invariant  called 
its  Spur  may  be  constructed.  Thus  from  A^^<y^ 
we  can  form  the  tensor  A^l  and  contract,  obtain- 
iiig  A'^l  =  A,  the  spur. 
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Equations  of  a  geodesic. 

We  have  to  determine  the  equations  from  the 
condition  that  fds  is  stationary. 

The  beginning  and  end  of  the  path  being  fixed, 
we  give  every  intermediate  point  an  arbitrary 
infiiiitesmal  displacement  8x^.    We  have 

ds^  =  gfipdXfidxp, 
Hence 

2ds  8(ds)  =  dx^dxvdgnv+  gnpdx^d(dxv)  +  gvtidxvh{dxy) 

=  dXfxdxv  -p^  dxa  +  gtivdxixd{bxv)  +  guvdxvd  {8x^^) 

OXa 

The  condition  being  — f8{ds)  =  0, 
we  have 


j_  r  jdx^ 

'2  J   {l^ 


dxv  8gnv  ^^    .   ^    dxn  d  ,^    v 


ds    bxa  ds  ds 

dx    d 

dx    d 
may  be  written    g^a  -y^  -5-  (dxa) 
as  as 


since  the  j/  is  a  dummy  suffix,  and,  similarly, 

IX  p  a  / 
ds  ds 
[221] 
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may  be  written    gav  -r^  j-  {dx^) 

Thus  the  above  integral  may  be  written  — 

1    f  (  dxn  dxp  douv  f      ,     /      dxu  ,         dxv\ 

X^(dXa)}ds=0 

The  second  term  within  the  brackets  {  }  may  be 
integrated  by  the  method  of  partial  integration, 
and  since  dx^  vanishes  at  both  limits  the  whole 
integral  can  be  written  — 

1    rj  dXf,  dxv  dQfMP      d  (      dxy,  dxA\ 

2j\^~d^~h^.~dB\^''l^^^''''~d^)] 

X  hxa  ds==0 

Since  this  must  hold  for  the  arbitrary  displace- 
ment   dxa   the   quantity   in   brackets    {  }    must 
vanish  at  all  points  of  the  path.    Hence  — 
1  dxn  dxv  8gfxv      1  dgfj^a  dXfi        1  dg^v  dxv 


2   ds    ds    dxa      2    ds    ds         2    ds    ds 
1        d^x^        1        d^Xv       f. 

Now     ^^  =  ^^  —     and     ^^  =  ^^  — 
ds  dxj,    ds  ds  bx^  ds 
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and  since  g^^  =  Oae,  we  have 

1        d^n    ,     1        d^Xu_       d^e 

Thus  the  expression  above  becomes 

1  dXfi  dxp  /bg^iv  _  dgfio-  _  dgva\  _       d^Xe  ^  q 
~2    ds    ds\  8xa       dXp       8xJ      ^'"^  ds^ 

Multiply  throughout  by  -  ^''",  remembering  that 
/"^^  =  g^,  and  we  obtain  the  equations 

d^Xa         }_     aa(^A.  ^_^£fA^^  =  0 

ds^        2^     \  bxv       dx^       8xa/  ds    ds 
These  are  the  required  equations  to  a  geodesic. 

ChristoffeV s  S-Index  Symbols, 
The  expressions 

are  called  the  3-index  symbols  of  Christoffel. 
The  equations  just  given  for  the  geodesic  may 
evidently  be  written 
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It  is  obvious  from  the  definitions  that 

It  can  also  be  shown  that  \i^v,<f\  =  g(y\{ixv,\]. 

For  we  have  gaa{i^yy<^]  =S'<7aS'''^CM^,X]  =  ^«CM^A]. 

Now  g\  acts  as  a  substitution  operator  on  any 
expression  (not  necessarily  a  tensor).  For  all 
components  of  g^  vanish  except  those  where  X  =  a, 
and  they  are  equal  to  unity. 

Thus 

and  the  theorem  is  proved. 
From  the  definition  of  [m^jO"]  it  follows  that 

CM«',<r]+[<r.,M]  =  ^ 

There  are  forty  different  3-index  symbols  of  each 
kind.    The  3-index  symbols  are  not  tensors. 

Covariant  Differentiation, 
Consider  the  four  quantities    j^ 

where  (p  is  an  invariant  function  of  position. 
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If  we  change  the  co-ordinate  system  to  x\ 
these  four  quantities  transform  according  to  the 
law  — 

hip  _  hXa     hip 
bx'n      bx'fx  dxa 

Thus  by  differentiating  an  invariant  we  obtain 
a  covariant  vector.  But  by  differentiating  a 
vector  we  do  not  obtain  a  tensor.  But  we  can 
obtain  a  tensor  which  plays  the  part  of  a  differen- 
tial coefficient  and  reduces  to  the  ordinary  differ- 
ential coefficient  in  rectangular  co-ordinates  by 
the  following  method. 

dx 
A  *  Velocity"   -p  is  a  contravariant  vector, 

since  dXf^  is  a  contravariant  vector  and  ds  is 


invariant. 

Hence      A^,  -j^ 

is  invariant 

where  A^  is  any 

covariant  vector. 

And 

d  (  .    dx^\ 
dsV'  ds) 

is  invariant 

along  a  geodesic,  { 

since 

a  geodesic  is 

defined  independently  of  the  co-ordinate  system, 
and  the  expression  gives  the  rate  of  change  of  an 
invariant  per  unit  interval. 
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Performing  the  differentiation,  we 

have 

bAn  dXv 
dxv  ds 

dxn 

-^^'ds^ 

and  from  (7), 

,  since 

.     d^Xa 

-^"^  ds^ 

•=  ■ 

-Aa  {fJiVya} 

dx/i 
ds 

dxv 
ds 

we  have  --p  "T~v~^  ~     "  f^^>^>  )  ^^  invariant. 

But  in  this  result  second  order  differentials 
(which  distinguish  the  geodesic)  do  not  occur, 
and  the  result  is  therefore  general. 

Since  -— ^  and  — -^  are  contravariant  vectors 
ds  ds 


the  expression 

oAj, 
bx 


^m.  =  ^-!m^,«J  A^  (8) 


is  a  covariant  tensor  of  the  second  rank.  It  is 
called  the  covariant  derivative  of  -4^.  In  rect- 
angular co-ordinates,  since  the  components  of  g^^ 
are  constants,  the  3-index  symbols  vanish,  and 
the  covariant  derivative  reduces  to  the  ordinary 
derivative. 
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The  covariant  derivative  of  A^  is 

A^  =  ^^+  {€^,m}  A^  (9) 

We  add  the  formulse  for  covariant  derivatives  of 
tensors  of  the  second  rank. 

AS"  =  ^  +  {«(r,M}  A«^  +  {ol(tA  A.^     (10) 
A;;.  =  ^-  {\xG,a\  Ai+  {aG,v\  A^         (11) 

Ai,va-=-^  -  {fJ>(T,a}  Aav  -  {vo^a]  Af,a      (12) 

If  we  apply  the  formula  (12)  to  g^j^^  we  shall  find 
that  the  covariant  derivative  of  g^^p  vanishes 
identically.  By  this  means,  therefore,  we  cannot 
build  up  tensors  of  higher  rank  from  the  g^^p. 
But  we  can  obtain  a  tensor  of  higher  rank  from 
the  g^u  by  the  following  method.  Let  the  covariant 
tensor  of  the  second  rank  A^p  in  (12)  be  the 
covariant  derivative  (8)  of  A^,.     Then 

^"^  si;  (^.-«''^'«i^<') -'-''«' (^.- 

\av,e]  A.)  -  \,a,a]  (M^  _  | ;„«,€!  ^.) 
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d^Af,       ,         .  bAd     .  J  bAa     ( 


bX(T  bxv  bX(T  bx 


bA 


'a. 


-  A„-^^{lxv,a}  (13) 

The  last  term  of  (13)  may  be  written 

since  a  is  a  dummy  suffix.    The  last  two  terms  of 

(13)  may  therefore  be  written 

aA  [ixa.a]  [av.e]  -  g^  \ixv,€]  \        (14) 

We  may  now  immediately  write  down  the  formula 
for  Afj,t,y  by  interchanging  <t  and  v  in  (13).  The 
sum  of  the  first  five  terms  of  (13)  is  unchanged 
by  the  substitution.     The  remaining  terms,  by 

(14)  become 

Ae  (  [ixv.a]  \a(T,t]  -  ^  {mo-,€}  j 

Therefore  Atj,va  -  A^av  =  AeB^p^,  where 

B^pa=  {mo',«1  lav,e}  -  {fMV,a}  {acr.e] 
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This  is  the  Riemann-Christoffel  tensor.  The 
contravariant  index  may  be  lowered,  giving 

±>ixvap  ==  QpeJjfiva 

By.v(rp  is  anti-symmetrical  in  v  and  <t  and  also 
in  IX  and  p.  It  is  symmetrical  for  the  double 
interchange  m  and  v,  p  and  <r.  It  also  has  the 
cyclic  property 

BfjLv<rp  "f"  i>napp  ~r  -Dfipva  =  U 

These  properties  reduce  the  number  of  its  inde- 
pendent components  from  256  to  20. 

The  Riemann-Christoffel  tensor,  as  can  be  seen 
at  once  from  (15)  is  built  up  wholly  from  the  g's 
and  their  derivatives.  Its  importance  for  relativity 
theory  Ues  in  the  fact  that  its  vanishing  gives  the 
necessary  and  sufficient  condition  for  flat  space- 
time.  That  the  condition  is  necessary  is  seen  at 
once.  For  if  space-time  is  flat  it  permits  the  use 
of  Galilean  co-ordinates.  But  for  Galilean  co- 
ordinates the  g^s  are  constant.  Hence  the  3-index 
symbols  all  vanish  and  from  (15)  the  Riemann- 
Christoffel  tensor  vanishes  also.  But  since  it  is  a 
tensor  it  will  continue  to  vanish  in  all  other 
systems  of  co-ordinates.  Hence  for  all  systems  of 
co-ordinates  which  can  be  used  to  describe  flat 
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space-time  the  Riemann-Christoffel  tensor  van- 
ishes. It  can  also  be  shown  that  the  condition  is 
sufficient. 

Einstein's  Law  of  Gravitation. 

The  Riemann-Christoffel  tensor  E^^o^  may  be 
contracted  by  putting  e  =  a-,  giving  a  covariant 
tensor  of  the  second  rank  Gf^j,  formed  wholly  from 
the  ^^s  and  their  derivatives.    From  (15) 

G,jiv=  {fJ'<T,a}  {av.a}  -  {fJiVja}  {aa^a} 

The  law  G^v  =  0  in  empty  space  is  chosen  by 
Einstein  as  his  law  of  gravitation.  The  reasons 
are  as  follows.  It  is  assumed  that,  at  great 
distances  from  matter,  flat  space-time  can  occur 
in  nature.  From  (16)  it  is  obvious  that  the  law 
is  fulfilled  in  this  case.  At  the  same  time  it  does 
not,  like  the  Riemann-Christoffel  tensor  vanish- 
ing, rule  out  everything  but  flat  space-time.  For 
Gfip  can  continue  to  vanish  even  when  the  Rie- 
mann-Christoffel  tensor  does  not.  Thus  it  permits 
a  limited  variety  of  curved  space-times,  namely, 
those  whose  g's  satisfy   the   equation   Gfiv  =  0. 

[230] 


MATHEMATICAL    APPENDIX 

Further  (z^u^  contains  no  differential  coefficients  of 
the  Qfxv  higher  than  the  second,  and  it  contains 
those  hnearly.  For  these  reasons  one  is  justified 
in  trying  this  law  before  proceeding  to  more  com- 
plicated expressions. 

The  Three  Experimental  Results. 

Strictly  speaking,  in  order  to  make  use  of  the 
equations  G^^  ==  0,  we  have  to  find  a  solution  and 
then  find  what  distribution  of  matter  this  solution 
represents.  But  for  certain  problems,  e.g.  the 
gravitational  field  of  a  particle,  a  solution  can  be 
obtained  by  generahsing  from  the  known  form  of 
ds  for  flat  space-time.  In  this  way  the  formula 
for  ds  in  the  neighbourhood  of  an  isolated  particle 
has  been  found  to  be 

ds2  =  -  7  - idr2-  r^dS^  -  r^  sin^  ed(p^+  ydP      (17) 

where    7=!-?^ 
r 

The  geodesic  path  of  a  particle  in  this  kind  of 

space-time  is  given  by  the  equations 

g  +  «  =  |+3«..^  (18) 

r'-—  =  h    when    m  =  -  (19) 
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The  equations  to  the  path  of  a  particle  moving 

in    the    neighbourhood    of    an    isolated    particle 

according  to  Newton's  law  of  gravitation  are  — 

dHi  .  m  .„„. 

-. \-  u  =  —  (20) 

r^|  =  .  (21) 

We  see  that  the  Einstein  equations  contain  the 
extra   term   Smu^.     The   ratio    of  3mu^  to  m/h^ 

is   3  {t  —  \    For  ordinary  velocities  this  is  an 
\  ds/ 

extremely  small  quantity.  The  difference  between 
ds  in  (19)  and  dt  in  (21)  is  also  very  small,  ds 
is  the  proper  time,  that  is,  the  time  measured  by 
an  observer  for  whom  the  moving  body  is  at  rest. 
Einstein's  solution,  therefore,  applied  to  the  planet- 
ary orbits,  will  give  a  result  very  Uttle  different 
from  Newton's.  The  extra  term  in  (18)  has  the 
effect  of  giving  a  movement  of  perihelion.  Mer- 
cury is  the  only  planet  for  which  this  predicted 
movement  can  be  tested,  and  in  this  case  the 
observed  movement  of  periheUon  which  was  not 
accounted  for  on  the  older  theory  is,  in  magnitude 
and  direction,  precisely  that  predicted  by  these 

equations. 
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The  path  of  a  ray  of  Hght  is  a  geodesic  with 

ds  =  0.    From  (19)  if  ds  =  0,  /i  =  «> ,  and  therefore 

(18)  becomes 

dHt  ,  o 

-r: [-    U  =  6mU^ 

dip' 
An  approximate  solution  of  this  equation  is 

^_c^^  m(^^g,^_^2sin^^) 

or,  putting  x  =  r  cos  cp,  y  =  r  sin  (p,  and  multiply- 
ing throughout  by  Rr,  — 

X  Lh   —   —   — . 

^  V  (a:2  +  2/2) 

This  gives  the  measure  by  which  the  path  of  the 
light-ray  departs  from  the  straight  line  x  =  R, 
For  a  ray  grazing  the  sun^s  limb  this  gives  a 
deflection  of  1.75'',  a  result  confirmed  by  two 
eclipse  expeditions. 

Consider  the  time  of  vibration  of  a  clock  (e.g, 
an  atom)  at  rest  in  this  gravitational  field.    Since 
it  is  at  rest  we  have  from  (17)  as 
dr  =  dd  =  d<p  =  0. 
ds2  ^  ydP- 
The  time  dt  of  vibration  varies  inversely  as 
a/t.     Clocks  are  said  to  be  similar  when  they 
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beat  out  equal  intervals.  The  times  of  vibration 
of  an  atom  on  the  sun  and  of  a  similar  atom  on 
the  earth  ought  therefore  to  be  different  since  7 
is  different.  An  atom  on  the  sun  vibrates  more 
slowly  than  a  similar  atom  on  earth.  The  lines 
of  the  solar  spectrum,  therefore,  should  show  a 
systematic  shift  towards  the  red  end  of  the 
spectrum.  This  result,  also,  has  been  confirmed 
by  observation. 

Mechanics  and  Geometry. 

For  a  piece  of  matter  let  (u,  v,  w),  assuming 
flat  space-time  and  rectangular  co-ordinates,  be 
the  velocity  of  the  centre  of  the  mass.  Let  the 
internal  stresses  be  denoted  by  Pxy,  etc.,  and  let 
p  be  the  density.  It  can  be  shown  that  the  fol- 
lowing expressions  form  the  components  of  a  con- 
travariant  tensor  of  the  second  rank,  — 

T^"  =  p^^  +  pu^      py^  +  pvu     pzx  +  pwu    pu 

Pxy   +     PUV  Pyy   +     PV'  Pzy   +     pWV  pV 

VXZ    +     PUW  Pyz    +     PVW  Pzz    +     PW^  pW 

pu  pv  pw  p 

The  equations  — —  =  0  express  the   conserva- 

tion  of  mass  and  momentum  for  Galilean  co- 
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ordinates.     The  equations  — —  =  0  are  not  tensor 

OXv 

equations,  they  are  merely  a  compact  way  of 
writing  those  laws  of  nature  called  conservation 
of  mass  and  momentum.  In  the  enunciation  of 
these  laws  Galilean  co-ordinates  are  impHed.  But 
by  taking  the  covariant  derivative  (T'^")^  =  0,  we 
obtain  a  tensor  equation,  so  that  if  this  equation 
is  true  for  one  system  of  co-ordinates  it  is  true  for 
all  systems  that  may  be  derived  by  mathematical 
transformations  of  that  system.  But  the  equation 
is  true  for  Galilean  co-ordinates,  for  in  those  co- 
ordinates the  covariant  derivative  reduces  to  the 
ordinary  derivative.  Hence  the  equation  is  true 
for  all  co-ordinates  derivable  by  mathematical 
transformations  of  Galilean  co-ordinates.  We 
shall  assume,  as  usual,  that  the  equation  also  holds 
when  an  irreducible  gravitational  field  is  present, 
that  is,  for  other  than  flat  space-time.  By  lowering 
one  suflSx  we  may  write  the  equation  in  the  form  — 

{T;),  =  0  (22) 

These  equations  summarise  the  way  in  which  the 

physical  quantities  mass,  momentum,  stress,  etc., 

are  observed  to  behave.    But  we  can  find  purely 
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geometrical  quantities  which  obey  exactly  the 
same  equations  and  therefore  behave  in  exactly 
the  same  way.  These  geometrical  quantities  are 
the  components  of  a  mixed  tensor  of  the  second 
rank,  just  as  the  physical  quantities  are,  and  the 
covariant  derivative  of  this  geometrical  tensor 
vanishes  identically.    This  tensor  is  — 

0;:-i^G  (23) 

where  G  =  g°^  Ga^,  an  invariant. 

It  can  be  shown,  by  slightly  laborious  calcula- 
tions, that  (GJl  -  Wfi)v  ==  0.  We  can  therefore 
make  the  identification  — 

^M-4^^=-87rT;:  (24) 

where  the  factor  -  Stt  is  introduced  to  co-ordinate 
our  units.  Call  T  the  contraction  of  TJ^.  Thus 
T^  =  T,  Contracting  both  sides  of  (24)  we  have, 
since  9^  =  gl+  gl+  gl-h  gl  =  4:. 

G  =  SirT  (25) 

Substituting  this  value  of  <t  in  (24)  we  have  — 

a;,^^  St (r^-ig^^T)  (26) 

In  a  region  where  no  matter  exists  all  components 

of  TJl  vanish.    T  also,  of  course,  is  equal  to  zero. 
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Hence  for  empty  space  G^,  =  0,  which  is  equiva- 
lent to  Einstein's  equation  G^^  =  0. 

This  result  suggests  a  different  way  of  deriving 
Einstein's  law  of  gravitation  and  throws  a  new 
light  on  the  meaning  of  that  law.  We  start  with 
the  interval  as  our  fundamental  datum.  From 
this  we  obtain  the  tensor  g^p.  By  pure  mathe- 
matics we  obtain  from  this  tensor  the  tensor  G^j 
and  from  this  the  mixed  tensor  GJi  -  ig^fi.  We 
find  the  equations  obeyed  by  the  components  of 
this  tensor,  and  we  find  them  to  be  the  same  as 
the  equations  summarising  the  observed  behaviour 
of  the  physical  quantities  mass,  momentum,  stress, 
etc.  Hence  we  say  that  the  geometrical  properties 
described  by  G^,  -  ig^'^G  manifest  to  us  as  these 
physical  properties  according  to  the  scheme  (24). 
The  equations  (26)  give  an  equivalent  expression 
of  this  identification.  The  absence  of  matter  is 
described  by  saying  that  T''^  =  0,  In  this  case 
Gfit,  =  0.  Einstein's  law  of  gravitation  for  empty 
space,  therefore,  is  merely  an  expression  of  the 
fact  that  the  space  is  empty.  It  imposes  no 
restriction  on  the  fundamental  structure  of  space- 
time.     If  we  have  a  region  of  space-time  where 
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a  system  of  co-ordinates  can  be  used  whose  ^^s 
obey  the  equations  G^y  =  0,  then  that  region  of 
space-time  is  empty.  If  a  system  of  co-ordinates 
can  be  used  whose  ^'s  do  not  make  Gy,v  zero,  then 
that  region  is  occupied  by  matter.  Thus  any  kind 
of  space-time  can,  theoretically,  occur.  The  occur- 
rence of  some  kinds  means  that  matter  is  present, 
of  others,  that  it  is  not.  In  actual  fact,  so  far  as 
our  knowledge  of  nature  goes,  not  all  kinds  do 
occur.  Some  kinds  of  space-time  would  correspond 
to  distributions  of  matter  of  which  we  have  no 
experience,  such  as  matter  with  a  density  far  sur- 
passing the  density  of  any  substance  known  to  us. 
The  present  theory  throws  no  hght  on  the  non- 
occurrence of  such  distributions,  any  more  than 
it  throws  light  on  the  fact  that  matter  exists  in 
discrete  particles. 

FINITE   SPACE 

Einstein^ s  Cylindrical  Space. 
The  interval  is  given  by  — 
ds^  =  -  R^dx^  -  R^  sin2  x{d6^  +  sin^  Sdcp^)  +  dP 

The  measured  area  of  a  sphere  of  radius  Rx  is 
4x7^2  sin  J  ^,     There  is  a  greatest  sphere  at  the 
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distance  JttjK.  As  the  distance  increases  the 
spheres  contract,  shrinking  to  a  point  at  the 
distance  tR.  This  is  the  greatest  distance  that 
can  exist  in  this  space.  The  total  volume  of 
space  is  — 

SI^-kR^  sin2  x'Rdx  =  2Tr^RK 

De  Sitter^s  Spherical  Space. 
The  interval  is  given  by  — 

ds^  =  -  R^dx^  -  R^  sin2  x  (dd^  +  sin^  ddcp^) 
4-  J?2  C0S2  xdt^ 

The  spatial  part  of  this  formula  is  the  same  as 
Einstein's,  but  the  time  behaves  differently.  For 
a  clock  at  rest  we  have  ds=R  cosxdt.  Thus  the 
time  beaten  out  by  any  clock  (e.g.  the  vibrations 
of  an  atom)  varies  as  sec.x*  Hence  the  time 
intervals  become  longer  as  we  recede  from  the 
origin  and  at  the  "horizon"  x  =  2^>  dt  is  infinite 
for  any  finite  value  of  the  interval.  The  time 
separating  any  two  events  at  the  horizon  is  infinite. 
The  horizon  is  illusory  in  the  sense  that  all  points 
in  space  are  on  the  same  footing.  For  an  observer 
at  the  horizon  events  at  the  origin  would  take  an 
infinite  time.  But  for  light  to  travel  from  the 
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origin  to  the  horizon  and  back  again  takes  an 

infinite  time.    The  horizon,  therefore,  cannot  be 

observed. 

The  revised  law  of  gravitation,  giving  a  finite 

curvature  at  every  point  of  space  is  G^p  =  \gfj,p 

where  X  is  a  constant.     In  De  Sitter^s  universe 

3 
X  =  —  •    Einstein's  universe  requires  matter,  and 

it  is  assumed  (as  a  large-scale  average)  that  this 

matter  is  distributed  with  uniform  density.    Ac- 

1  2 

cording    to    Einstein    X  = —    and    87rpo  =  — 

R^  R^ 

Hence,  from  the  formula  for  the  volume  of  Ein- 
stein's space  the  total  mass  of  matter  in  the 
universe  is  M  =  ^wR, 

PARALLEL  DISPLACEMENT 

Consider  the  change  undergone  by  the  compo- 
nents of  a  vector  A^,  when  it  is  moved  through  the 
displacement  dXp,    In  rectangular  co-ordinates  the 

8A 
change  is  given  by  dA^,  =  — ^  dXp,     We  may  call 

dXp 
this  the  physical  change  of  the  vector  A^.    It  is 
the  change  we  are  concerned  with  in  physics.    We 
wish  to  express  the  rate  of  change  in  such  a  way 
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that,  if  it  is  zero  in  one  system  of  co-ordinates,  it 
is  zero  in  all.    This  condition  is  not  fulfilled  by  the 

above    expression,    since    — -   is   not    a   tensor. 

^x^, 

Further,  the  tensor  expressing  the  rate  of  change 

dA 
must  reduce  to  — -  for  rectangular  co-ordinates. 

dXp 
These  conditions  lead  us  to  choose  the  covariant 
derivative  as  corresponding,  in  all  systems  of  co- 
ordinates, to  what  we  have  called  the  physical 
rate  of  change.  It  may  also  be  called  the  absolute 
rate  of  change  since  it  gives  the  total  change  minus 
the  spurious  change  due  to  the  co-ordinate  system. 
A  vector  is  said  to  undergo  parallel  displacement 
if  it  is  displaced  in  such  a  way  that  no  absolute 
change  occurs.  The  condition  is,  therefore,  from 
(8)- 

8A 

-r-^  =  {fiv,a}  Ace    or    dA„  =  [jJiv.a}  dxpAa     (27) 

OXv 

The   corresponding   expression    for   a   contra- 
variant  vector  is,  from  (9)  — 

dA'^  =  -  { ev,fjL}dXj,A^ 

The  notion  of  parallel  displacement  may  be 
generaUsed    for    a    more    general    space    than 
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Riemann^s  by  postulating  that  an  infinitesimal 
vector  A'^j  moved  by  parallel  displacement 
through  the  displacement  dx^,  undergoes  the 
change  dA'^  =  -  FJ^A^dx^,  where  FJ^^  represents 
64  arbitrary  coefficients.  If  we  make  the  further 
condition  that  T^a  =  T^  the  number  of  inde- 
pendent coefficients  reduces  to  40.  Like  the 
Christoffel  3-index  symbols,  the  V^a  are  supposed 
to  be  functions  of  position  and  are  not  supposed 
to  form  a  tensor. 

What  is  assumed  in  this  formula  is  that  the 
change  dA^  of  a  vector  is  a  linear  function  of  the 
components  of  the  vector.  That  is,  we  assume 
dA'^  =  -  dy'^A^.  We  further  assume  that  the 
coefficients  dy^  are  linear  functions  of  the  differ- 
entials dxv,  so  that  dja  =  V^a^Xp.  The  further 
condition  T^cc  =  T^  means  that  if  a  displacement 
AB  is  equivalent  to  CD,  then  AC  is  equivalent 
to  BD. 

Movement  by  parallel  displacement,  or  with- 
out absolute  change,  is  the  nearest  we  can  get  to 
a  generalisation  of  the  ordinary  notion,  which 
assumes  rectangular  co-ordinates,  of  absence  of 
physical  change.    But  it  does  not  mean  that  the 
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vector  at  the  end  of  its  journey  is  identical  with 
what  it  was  at  the  beginning.  A  vector  taken 
by  parallel  displacement  round  a  small  circuit 
does  not  in  general  coincide  with  its  original 
position,  although  the  absolute  change  vanishes. 
Similar  considerations  meet  us  when  we  wish  to 
generalise  the  notion  of  a  straight  line  for  any 
kind  of  space,  that  is,  when  we  wish  to  define  a 
geodesic.  We  may  say  that  a  moving  body 
describes  a  geodesic  when  its  motion  undergoes 
no  absolute  acceleration. 

We  shall  take  — '  as  the  velocity  of  the  body. 
ds 

We  call  this  V\  We  may  take  s  as  a  time- 
parameter:  Xi  =  Xi{s).  In  moving  from  P  =  {s) 
to  P'  =  {s  -\-  ds)  the  vector  F*  becomes 

V'+^ds 
ds 

If  the  vector  had  moved  without  absolute  change 
we  should  have  had 

dv  =  -  vyv^dx^ 

The  absolute  change,  therefore,  is  — 

^ds-j-n^V-dx^ 
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or,  dividing  by  ds  and  substituting  for  F*  its 
value 

ds^         "^  ds    ds 

This  is  the  absolute  acceleration  undergone  by 
the  moving  body.    If  it  is  zero  we  get  — 

d^i      yi    dxg  dxp  _  ^ 
ds^'^    "^1^   ds  ~^ 

as  the  equations  of  a  geodesic  in  this  kind  of 
space.  In  Riemannian  space  T^  becomes  the 
3-index  symbol  {afi,  i}. 

weyl's  geometry 

In  Riemannian  geometry  the  direction  of  a 
vector  at  B  which  has  been  moved  by  parallel 
displacement  from  A  is  not  independent  of  the 
route  of  transfer  from  A  to  B,  The  length  of 
the  vector,  however,  remains  unaffected.  In  the 
more  general  geometry  of  Weyl  the  length  also 
changes.  The  length  of  a  vector  at  J5,  moved 
from  A  by  parallel  displacement,  depends  on  the 
route  of  transfer.  Hence  the  standard  of  length 
at  B  which  corresponds  to  a  given  standard  of 
length  at  A  is  an  ambiguous  conception.  We  have 
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to  lay  down  an  arbitrary  but  definite  gauge- 
system  at  every  point  of  the  continuum.  At 
every  point  of  space-time  a  standard  of  length  is 
set  up  and  intervals  at  that  point  are  compared 
with  it.  The  gauge-system,  being  necessarily 
arbitrary,  may  be  altered. 

We  shall  assume  that  the  route  of  transfer  need 
not  be  specified  for  infinitesimal  displacements. 

Let  the  initial  length  of  a  vector  at  P  be  L 
Let  it  be  moved,  by  parallel  displacement,  to  a 
point  P'  infinitely  near  to  P.  The  co-ordinates 
of  P',  relative  to  P,  are  dx^^,. 

We  assume  that  the  change  of  length  is  pro- 
portional to  the  original  length,  that  is,  we  assume 
dl  =  \l,  where  X  is  a  function  of  position.  We 
further  assume  that  X  is  a  linear  function  of  the 
co-ordinates,  that  is,  we  assiune  that  X  =  K^dx^, 
Or  we  may  write  it  d(log.  I)  =  K^dx^,  Suppose 
now  we  alter  the  gauge-system,  the  length  of 
the  standard  at  each  point  being  decreased  in  the 
ratio  cpj  where  <p  is  a  function  of  position.  The 
length  of  an  interval  at  any  point  will  be  increased 
in  the  ratio  (p.  Thus,  if  accents  refer  to  the  new 
system  ds^  =  <pds. 
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The  co-ordinates  dXf^y  being  merely  identifica- 
tion numbers,  are  not  altered  by  any  change  of 
gauge-system.  Hence  dx'fj,  =  dxy,.  Therefore 
g' nvdx' fjdx' v=  ds'^= <p^ds^^=  (p^gf^dXfj,dXy = ip^g^dx'^dx'v 
Hence  g'^y  =  (p^g^,v^ 

Consider  the  expression  for  d(log.  I)  =  K^jdx^,. 
We  have  c^(log.  V)  =  /cV^^V  =  '^V^^m*  ^^^  ^'  =  ^^• 
Therefore 

K^yldx^j,  =  d  (log.  l)-\-d  (log.  (p)=KfidXft-\ — ^         dx^, 
We  may  write  log.  <p  =  x- 

Sx 


Then  k'^  =  k^  +  J^  (28) 


Sku      Bk, 


Put    F^,  =  ^-^  Then  F'^  =  F, 


^'~bX,        bX,  """"     ^     MV-XM»' 


The  expression  F^^  is  unaltered  by  changing  the 
gauge-system.  It  would  appear  that  F^^,  refers  to 
some  intrinsic  property  of  the  world,  since  it  is 
imaltered  by  change  of  gauge-system.  Let  us 
adopt  ordinary  rectangular  co-ordinates  so  that 
Xfi={Xyyy  Zyt),    Then 

c?(log.  I)  =  Kidx  +  Kidy  +  Kzdz  4-  KidL 

If   length,   in   the   region   considered,   is   to   be 
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integrable,  that  is,  independent  of  the  route  of 
transfer,  d  (log.  I)  =-j  must  be  a  perfect  differen- 
tial. The  condition  for  this  is  F^^  =  0.  If  this 
holds  good  in  one  gauge-system  it  holds  good  in 
all.  What  is  that  physical  condition  of  the  world 
which  varies  according  as  the  /c^  do  or  do  not 
satisfy  the  condition  F^j,  =  0?  The  field  property 
not  yet  geometrised  is  the  electro-magnetic  field. 
This  field  is  determined  by  the  three  components 
of  a  vector  potential  Fy  G,  H,  and  a  scalar  po- 
tential $. 

Suppose  we  make  the  identifications  F  =  /ci, 
G=  K2,  H  =  K3,  -  $  =  Ki.  Then  the  equations 
Ffj^v  ==  0  become  — 

dy      8z  8z       8x  8x      8y 

>^_^  =  0     -^-^  =  0       -^_M_n 
8x      8t  8y      8t  82       8t  ~ 

These  are  the  conditions  that,  in  the  region  con- 
sidered, the  electric  and  magnetic  forces  vanish. 

We  may  say,  therefore,  that  in  regions  where 
length  is  non-integrable  an  electro-magnetic  field 
is  present   besides   the   gravitational  field.     In 
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regions  where  length  is  integrable,  so  that  the 
geometry  of  the  region  reduces  to  ordinary 
Riemaimian  geometry,  there  is  no  electro-magnetic 
field.  This  generalisation  of  Weyl's  is  now  re- 
garded merely  as  an  interesting  and  illuminating 
graphical  representation  of  phenomena  and  not 
as  a  description  of  the  actual  geometry  (the 
geometry  ascertainable  by  the  behaviour  of 
measuring  appliances)  of  the  world.  The  reason 
is  that  the  transport  of  material  standards  of 
measurement  from  one  place  to  another  is  not 
a  process  analogous  to  the  parallel  translation  of 
a  vector.  The  Riemannian  geometry  of  Einstein, 
on  the  other  hand,  describes  the  actual  behaviour 
of  material  appliances. 

We  have  seen  that  ^^^,  on  changing  the  gauge- 
system,  becomes  multiplied  by  ^^  F^^y  on  the 
other  hand,  is  unaltered.  This  suggests  that  we 
may  find  tensors  and  invariants  which  are  un- 
altered, not  only  by  changes  of  the  co-ordinate 
system  but  also  by  changes  of  the  gauge-system. 
We  should  expect  these  quantities  to  be  even  more 
fundamental  than  ordinary  tensors  and  invariants. 
They  are  called  in-tensors  and  in-invanants.    By 
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MATHEMATICAL    APPENDIX 

subjecting  the  64  coefficients  F^^  in  the  general 
formula  for  parallel  displacement  only  to  the 
condition  T^a  =  ^av,  we  obtain  40  independent 
coefficients  as  against  the  14  which  characterise 
WeyFs  geometry.  This  gives  the  more  general 
geometry  worked  out  by  Eddington,  and  he  has 
found  quantities  which  are  in-tensors  and  in- 
in variants  for  this  more  general  geometry.  Even 
from  this  very  general  relation-structure  quantities 
can  be  deduced  which  behave  in  the  same  way  as 
the  quantities  which  characterise  the  physical 
vvorld  of  perception.  It  can  be  shown,  for  instance, 
that  the  V^a  can  undergo  intrinsic  changes  (not 
merely  co-ordinate  transformations)  without  alter- 
ing the  perceptual  world.  One  need  only  postulate, 
therefore,  a  very  general  type  of  relation-structure 
in  order  to  deduce,  mathematically,  the  world  as 
it  is. 
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